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ABSTRACT

MODELING OF AN
ELECTRO-MECHANICAL-ACOUSTIC

CONTACTLESS ENERGY TRANSFER SYSTEM
BASED ON MULTIPHYSICS NETWORKS AND

RESONANT TOPOLOGIES

Author: Lucas Sangoi Mendonça
Advisor: Fábio Ecke Bisogno

This doctoral thesis shows a modeling methodology for an electro-mechanical-
acoustic contactless energy transfer system and the analysis and design of its power
conversion circuits. Contactless energy transfer systems (CET) are mainly divided into
acoustic, inductive, capacitive and optical, which main applications related to biomedical
and wireless chargers. The electro-mechanical-acoustic CET system is composed of: an
ultrasound transmitter and a receiver based on piezoelectricity, a transfer media and a
power conversion circuit. Due to the multi-domains, like as electrical, mechanical and
acoustical, a multiphysics scenario is depicted. Modeling of such system requires a well-
defined methodology. In this sense, this work presents an analytical multiphysical model
based on lumped parameters. The model is based on the geometry and properties of the
materials. By means of a decomposition into unit-less parameters scheme, the system is
represented by a normalized state-space model. The model leads to solutions that do not
depend on design specifications and do not rely on real system parameters. This work
shows an equivalent electrical model that can be converted into a piezoelectric transfor-
mer model, which is used as part of the resonant tank in resonant topologies. This allows
the design of power conversion circuits in order to manage the transfered electrical power.
Furthermore, an augmented-order multiphysical model is proposed as an enhancement
of the previous models. The models are evaluated for different scenarios and an error
analysis is conducted based on the comparison between the experimental response of the
physical system and the theoretical results. Resonant topologies are used as representa-
tion of the system and the generalized averaged dynamic modeling is performed for the
Class-E2 resonant converter. A practical demonstrator including the piezoelectric ultra-
sound transmitter and receiver, solid transfer media, and the power conversion circuitry
was assembled in order to evaluate the feasibility of the system for practical applications.

Keywords: contactless energy transfer systems, multiphysics networks, resonant power
conversion.





RESUMO 
 

MODELAGEM DE UM SISTEMA  
ELETRO-MECÂNICO-ACÚSTICO DE TRANSFERÊNCIA 

DE ENERGIA WIRELESS BASEADO EM CIRCUITOS 
MULTIFÍSICOS E TOPOLOGIAS RESSONANTES 

 

 

 

AUTOR: LUCAS SANGOI MENDONÇA 
ORIENTADOR: FÁBIO ECKE BISOGNO 

 

 

Esta tese de Doutorado apresenta uma metodologia de modelagem para um sistema 

eletro-mecânico-acústico de transferência de energia sem fio/wireless e a análise e projeto dos 

conversores estáticos do sistema. Sistemas de transferência de energia sem contato (CET) são 

divididos principalmente em acústico, indutivo, capacitivo e óptico, com aplicações relacionadas 

à biomedicina e carregadores sem fio. O sistema eletro-mecânico-acústico CET é composto de: 

transmissor e receptor ultrassônicos baseados em piezoeletricidade, um meio de transferência de 

energia e os circuitos de conversão de energia. Devido aos multidomínios, como o elétrico, 

mecânico e acústico, um cenário multifísico é apresentado. A modelagem deste tipo de sistema 

requer uma metodologia muito bem definida. Neste âmbito, este trabalho apresenta um modelo 

analítico multifísico baseado em parâmetros concentrados. O modelo é baseado na geometria e 

nas propriedades dos materiais. Por meio de uma decomposição em parâmetros adimensionais, o 

sistema é representado em um modelo de espaço de estados normalizado. O modelo gera 

soluções que são independentes de especificações de projeto e não necessitam do conhecimento 

dos parâmetros reais do sistema. Ademais, este trabalho mostra um modelo elétrico equivalente 

que pode ser convertido em um modelo do transformador piezoelétrico que é usado como parte 

do circuito ressonante em topologias de conversores ressonantes. Esta técnica permite o projeto 

dos circuitos de conversão de energia que gerenciam a transferência de potência. Além disso, um 

modelo multifísico de ordem aumentada é proposto como melhoramento dos modelos 

supracitados. Os modelos são avaliados para diferentes cenários e uma análise de erro é usada 

para comparar a resposta experimental do sistema físico com os resultados teóricos. Topologias 

ressonantes são utilizadas neste trabalho como representação do sistema e um modelo dinâmico 

médio generalizado é aplicado no conversor ressonante Classe-E2. Um protótipo que inclui, 

transmissor/receptor ultrassônico, meio de transfêrencia sólido e os circuitos de conversão de 

energia, foi construído visando avaliar a viabilidade do sistema para aplicações práticas. 

 

 

Palavras-chave: sistemas de transferência de energia sem contato, circuitos multifísicos, 

conversão ressonante de energia. 
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1 INTRODUCTION

From the first ideas on the understanding of the physical nature of electricity to
cutting-edge technologies, the modern world was molded by the comprehension of energy
and its ways of conversion. Energy is still one of today’s human challenges.

Envisaging sustainability and environmental concerns, renewable sources are wi-
dely used as input sources for electronics systems in order to obtain usable electrical
energy. In its low power level, renewable energy systems are well-known as energy harves-
ting systems, in which energy is extracted from the environment in order to supply a low
power device. Considering electricity generation, low power energy harvesting systems,
automation of the industrial sector, growth expectations in electric mobility and high de-
mand for portable devices, development of efficient electrical systems becomes mandatory
(NEWELL; DUFFY, 2019).

Usually, energy transfer systems are related to wires in electrical circuits or mecha-
nical moving parts. However, aiming to eliminate cables and connectors, transfer energy
through physical boundaries and charge non-accessible devices, contactless energy trans-
fer systems (CET) are revealed as solutions. A contactless energy transfer system is a
concept in which a transmitter device sends energy through a medium and a receiver
catches the energy. The general concept is depicted in Figure 1.1.

Figure 1.1 – Contactless energy transfer system.
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In the search for an ideal switch that can convert raw electrical energy into a con-
trolled flow of electrons, switching technology has evolved from vacuum tube to transistors
and in the 1970’s and 1980’s, the silicon transistor allowed the rise of integrated circuits
(EPC, 2017). This evolution on switching technology is leading to improvements in se-
veral applications, including contactless energy transfer systems. One example is the use
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of a powered work desk as battery charger. A 300W is capable of power several devices,
such as smart-phones, notebooks, watches and desk lamps (EPC, 2017).

In a low power energy harvesting system, a transducer is used to capture energy
from different sources, like as solar light, heat, vibration and radio-waves. The energy
has to be converted into electrical power and then, an efficient power monitoring and
energy storage system should be developed to meet some design specifications. Combi-
ning the features of energy harvesting systems and CET, a potential solution for medical
applications can be considered. Implanted medical devices that use batteries, such as
pacemakers, can have expected lifetime of about ten years, which is fundamentally im-
portant the development of a CET system for open surgery avoidance (HOANG; LEE;
LEE, 2014).

Different types of CET have been emerging, such as acoustic, inductive, capacitive
and optical. Acoustic CET has great potential to be used in applications in which electro-
magnetic waves are not allowed. In addition, reasonable distance between the transmitter
and the receiver and honest efficiency put acoustic CET in the same footing of the widely
accepted inductive CET.

By transferring power through metal barriers (known as through-wall), acoustic
CET can be used in industrial applications. For instance, machine tool sensors can be
charged without stopping the operating process. Also, batteries surrounded by metal en-
closures, sensors in pipe-lines, nuclear plants and vacuum chambers are cited as applica-
tions (BAR-COHEN et al., 2008; YANG et al., 2018a; MENG et al., 2015). Furthermore,
considering the thriving evolution of mechatronics and expected space applications, elec-
trical parts bypass solid structures, which is a fitting environment for acoustic CET when
wires and electromagnetic waves are not allowed.

Through-wall acoustic CET is divided into five main parts: an ultrasonic trans-
mitter, the transfer media, an ultrasonic receiver, the power conversion circuitry and a
load. The ultrasonic transducers can use piezoelectricity in order to convert electrical
into mechanical energy and vice-versa. The constructive characteristics of the transdu-
cers allow them to send / receive ultrasonic waves. When ultrasound transducers based
on piezoelectricity are used in acoustic CET, it can be also named as electro-mechanical-
acoustic CET system. As long as electrical, mechanical and acoustical domains appear on
the CET system, a multiphysics scenario is depicted as shown in Figure 1.2. Modeling of
such system can be a complicated task and requires a well-defined methodology. In this
sense, this work is founded. The thermal domain was included in Figure 1.2. However,
such domain is out of the scope of this work.

Considering the front-to-end block diagram in Figure 1.2, it can be seen that a two
electrical ports system is drawn. It is because an electrical source supplies the ultrasound
transmitter and an AC-DC power conversion system is used to convert the AC signal from
the transducer into a DC signal to supply a specific load.
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Figure 1.2 – Multiphysics understanding for electro-mechanical-acoustic contactless
energy transfer systems.
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Considering a grid-connected application, a low-frequency AC-DC rectifier is used
to provide a constant voltage source. A high-frequency DC-AC inverter generates the
alternate signal to supply the ultrasound transmitter. Figure 1.3 depicts the electro-
mechanical-acoustic CET system considering all required power converters for a grid-
connected application. The purpose of this illustration is to show the obtainment of an
equivalent electrical circuit representation for a multiphysics system in a high-level of
abstraction.

It can be seen in Figure 1.3 that the ultrasound transducers can be represented by
lumped components, as well as the transfer media. In this sense, analogies among electri-
cal, mechanical and acoustical components should be used. By using lumped components,
the mechanical and acoustical systems can be easily connected to the power converters.

The power grid and the low-frequency AC-DC rectifier can be simplified by a
constant input source, which supplies the high-frequency DC-AC inverter. The regulated
DC-DC converter and the load can be represented as an equivalent load for the AC-DC
rectifier. By using networks theory, the multiphysics network can be represented by an
equivalent electrical circuit. As shown in Figure 1.3, the final representation has DC
input and DC output. However, there is an AC power conversion required for the CET
system. In this work, resonant topologies are considered to drive the system. It is because,
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Figure 1.3 – Electro-mechanical-acoustic CET system based on resonant DC/DC topology.
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resonant converters shape the waveforms in a sinusoidal way. In addition, switching losses
are reduced by means of soft-switching operating conditions.

This Doctorate Thesis presents a modeling methodology for an electro-mechanical-
acoustic contactless energy transfer system and the analysis and design of the power
conversion circuits. The main idea is to represent the system as a multiphysical model
based on lumped parameters. This model uses components to describe the behavior
of the electrical, mechanical and acoustical parts. From the multiphysical model, an
equivalent electrical model is derived, which is suitable for SPICE simulations. In addition,
a piezoelectric transformer model is developed in order to have a simpler configuration that
can be topologically connected to other converters without causing a very complex system.
The multiphysical model based on lumped parameters can be considered a novelty in the
literature because it puts together all the power conversions, electrical-to-mechanical,
mechanical-to-acoustic, acoustic-to-mechanical and mechanical-to-electrical into a single
state-space representation. Even though there are some works that represent the CET
system by lumped parameters, literature shows that usually, impedance matrices are
used as methodology. However, real physical components are omitted into a unknown
representation block that is submitted to signals in order to obtain the transfer parameters
(YANG et al., 2018b; BAO et al., 2007).

Furthermore, this Thesis proposes a normalized state-space model based on unit-
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less (dimensionless) parameters for the electro-mechanical-acoustic CET system, which
leads to generalized solutions that do not depend on specifications, such as input power,
frequency, input voltage, etc.; and do not depend on real system parameters, such as
inductors, capacitors, mechanical stiffness, acoustical mass and so on. An equivalence
transformation is used on the modeling in order to systematize the method. A decompo-
sition in unit-less parameters is applied on the multiphysics network to extract unit-less
parameters.

An analysis and design methodology for multiphysics systems is proposed based
on resonant topologies. The main idea is to use a representation for the multiphysical
model in a way that it can be connected to resonant circuits. By means of this concept,
the power conversion circuits can be designed in order to manage the transfered power
while considering the behavior of the multiphysical system.

The Class-E2 DC-DC resonant converter is used as topological representation of
the multiphysical system. Similar idea was performed by Nagashima et al. (2015) for
inductive wireless power transfer systems. In this work, the resonant tank of Class-E2

converter is used to represent the multiphysical energy conversion, while the components
of the inverter and rectifier stages can be designed to manage the electrical power. In
order to perform the dynamic model of the converter, the generalized averaged model is
applied to develop the large-signal and small-signal models. A practical demonstrator
combining the ultrasonic transducers, transfer media and AC-DC rectifier is assembled in
order to experimentally investigate the electro-mechanical-acoustic CET system.

1.1 STATE-OF-ART

Contactless energy transfer systems have been used based on acoustic, inductive,
capacitive and optical types. Inductive CET shows higher efficiency but when the distance
between transmitter and receiver is increased, efficiency is drastically reduced. Optical
CET appears as a solution when longer distances are needed, varying from meters to
kilometers. However, efficiency is low and it is confined to applications that radiation
is allowed. Capacitive CET has reduced electromagnetic interference and is suitable for
integrated circuits. However, output power is low and the distance between plates is very
limited. Acoustic CET affirms its place as candidate solution for wireless power trans-
fer (WPT) because through-wall applications can be considered. Distance is reasonable
and efficiency varies from 1-90 % depending on the application (KAZMIERKOWSKI;
MORADEWICZ, 2012; TAALLA et al., 2019).

Considering through-wall applications, Yang et al. (2018b) has shown an acoustic
CET by means of ultrasonic transducers based on piezoelectricity. The transducers are
bonded on the opposite sides of the metal wall and a full-bridge rectifier cascaded with a
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regulated DC-DC power converter performs the electrical power conversion. The metho-
dology used by Yang et al. (2018b) is based on Lawry et al. (2012). The main idea is
to consider the acoustic part as a “black-box” and relate the electromechanical parts by
means of impedance matrices. In other words, a two-port network is used. In addition,
a normalized smith chart is used to design the matching networks. Overall efficiency was
27.7 % by considering a 40-mm-thick stainless steel plate.

Three main approaches of acoustic CET modeling are highlighted:

1. Analytical 3D wave equation;

2. Multiphysics networks;

3. Finite element methods.

Analytical 3D wave equation is a representation of a wave in a three-dimensional
environment by partial differential equations. Although its solution is a closed-form ele-
gant expression, it is valid for specific boundary conditions (SINGH; CHANDRA; SINGH,
2015). Practical applications lead to complex boundary conditions in order to define the
transfer media geometry. In addition, the task becomes harder if both shear and longi-
tudinal waves are included in the mathematical representation. Another question mark
about this approach is how to connect such solution to a 1D-based representation of power
conversion circuit for power transfer applications.

Multiphysics networks deal with systems that are interconnected by different do-
mains, like as electrical, mechanical and acoustical. The main areas of study are microte-
chnology and mechatronics (MARSCHNER; WERTHSCHUTZKY, 2015). By using dis-
crete building blocks, the different domains are represented by networks (circuits) (LENK
et al., 2011). Most of the analysis techniques can be used in such networks, such as Kir-
chhoff’s laws, Newton’s laws of motion, state-space models, frequency domain response,
and so on. As a drawback, in order to validate the models for different resonant frequen-
cies, several discrete components should be used to approximate the representation as a
distributed parameters system, which can lead to high computational effort to solve the
multiphysics networks. In such approximation, it is difficult to match the real system
properties with the discrete components (GASSMANN, 2007).

At this point, it is important to differentiate multiphysics networks to finite element
method for multiphysics simulation. The first one is related to a representation by lumped
components, such as inductors, capacitors, acoustical mass, mechanical stiffness, and so
on; and their interactions. Also, multiphysics networks are represented by differential
equations and usually solved by iterative numerical methods or semi-analytical solutions.
For instance, mathematical software are used, such as MATLAB® and Mathematica®;
in some cases, SPICE® software are more suitable.

On the other hand, finite element method (FEM) for multiphysics simulation is a
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numerical method for solving problems of coupled systems. A large system is subdivi-
ded into simpler parts called finite elements (ZIMMERMAN, 2006). The finite element
method is suitable for applied engineering problems. The main advantages are that com-
plex geometry and irregular shapes can be designed, material properties can be included
(usually in a friendly interface) and it can easily represent different domains. However,
the finite element method requires a large amount of data as input to realize the meshing
and a longer execution is performed to solve only one problem. For this reason, it is diffi-
cult to have an understanding of the system’s behavior in a generalized way (DUDHAL;
UPADHYE; AGASHE, 2016; ZHANG, 2017; ABDULLAHI; OYADIJI, 2018).

The three main approaches for acoustic CET are summarized in Table 1.1:

Table 1.1 – Comparison among modeling approaches.

Method Advantage Disadvantage
3D wave equation 3D perception Hard multi-domain interactions

Closed-form solution Defining geometries
Multiphysics networks Circuit theory No 3D perception

Multi-domain interactions Trade-off: complex/accuracy
FEM 3D perception Number of inputs

Geometries Longer execution

As long as the output from the receiver is an AC signal in CET, it must be converted
into a DC signal to supply a load. In this case, rectifiers circuits should be used. There are
several options for rectifying circuits; highlighted here is the full-bridge cascaded with a
regulated DC-DC converter reported by Yang et al. (2018b). In a high-level of abstraction,
design methodologies use the design-oriented architecture, which can be summarized by
the following steps:

1. Starting from a system or technical task, a rough concept is drawn toward to solve
an engineering’s task;

2. Design specifications are defined, such as input voltage, output voltage, output
power and operating frequency;

3. Proposition of a converter by means of general guidelines or the choice of classical
topologies;

4. Design-oriented analysis, in which the converter is analyzed by means of computa-
tional tools and empirical methods in order to achieve a mathematical model;

5. Circuit design considering previous specifications;
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6. Iterative circuit-level simulations;

7. Results;

8. Experimental tests.

This type of architecture aims to solve a specific application. It can be seen that
the second step already defines the specifications and the remaining procedure will be
confined to the initial requirements. An alternative for this procedure was proposed by
Bisogno (2006), Mendonça (2017) and Mendonça et al. (2018), which is referred as result-
oriented architecture and can be described by the following steps:

1. Starting from a system or technical task, a rough concept is drawn toward to solve
an engineering’s task;

2. A result-oriented analysis is performed by converting real system parameters into
unit-less parameters;

3. Normalized results in relation to the specifications are achieved;

4. A database is created with the results for any operating point;

5. Design specifications are defined, such as input voltage, output voltage, output
power and operating frequency;

6. Choice of one or more suitable topologies;

7. Design based on the unit-less parameters;

8. Experimental tests.

The result-oriented architecture suggests that the results are previously obtained
and the converter design ensues in the same. The condition imposed for it is that the
obtained results are normalized, meaning that they are valid for any operating point and
specification.

The result-oriented architecture can be referred as a normalized approach. It was
explored in PWM (pulse-width modulation) converters and resonant inverters.

Based on the aforementioned state-of-art related to acoustic contactless energy
transfer systems and analysis and design methodologies for power converters, the hy-
pothesis for this work are going to be described in the next section.

1.2 HYPOTHESIS

1. It is possible to include the required multiphysical power conversions in electro-
mechanical-acoustic contactless energy transfer systems, like as electrical-to-mechanical,
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mechanical-to-acoustic, acoustic-to-mechanical and mechanical-to-electrical into a
single state-space representation by means of coupling devices that linearly connect
the different domains;

2. It is possible to design the transfer media geometry and the piezoelectric transducers
of a contactless energy transfer system by means of a normalized state-space model
that includes, not only electrical circuits, but also multiphysics networks. For ins-
tance, the development of a modeling methodology for coupled systems (electrical,
mechanical and acoustical) can be interesting to contribute on the understanding
of multiphysics systems in a generalized way. In other words, it is possible to con-
vert the real system parameters into unit-less parameters in order to represent the
system in a mathematical format that is independent of specifications;

3. It is possible to analysis and design power converters for a contactless energy transfer
system by including an equivalent electrical model for multiphysics systems as part
of the resonant tank in resonant converters.

1.3 OBJECTIVES

The general objective of this work is the development of a modeling methodology
for systems composed of coupled electrical, mechanical and acoustic domains. The specific
objectives of this work are described as follows:

• Representation of an electro-mechanical-acoustic contactless energy transfer system
by means of a multiphysical state-space model based on lumped components that
includes all the required power conversions: electrical-to-mechanical, mechanical-to-
acoustic, acoustic-to-mechanical and mechanical-to-electrical;

• Development of a modeling methodology for multiphysics networks based on unit-
less parameters;

• Normalized analysis of resonant converters including the models for the electro-
mechanical-acoustic CET system;

• Dynamic modeling of the Class-E2 resonant converter;

• Assembling of a practical demonstrator that includes: ultrasonic transmitter, trans-
fer media based on solid material, ultrasonic receiver and power conversion circuitry.
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1.4 SUMMARY

This introduction has shown the general concept of an electro-mechanical-acoustic
CET system and which aspects are interesting to be explored as scientific contributions.
The hypothesis and objectives of the thesis were described in order to create a preamble
for this work.

It was pointed out the multiphysics scenario in the electro-mechanical-acoustic
CET system and why it is interesting to develop a model that includes all the required
power conversion. Furthermore, it was highlighted the use of resonant topologies for the
representation of CET systems. In this sense, normalized models were set as goals to be
applied into the power conversion systems.
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In this section, a review of the literature in contactless energy transfer system is
presented. First, the main types of CET are explained, like as acoustic, inductive, capa-
citive and optical. A comparison among different works is going to be shown considering
operating frequency, efficiency, distance between transducers (gap) and application.

Subsequently, this work will deepen the research on acoustic CET. A theoretical
background on ultrasound waves, ultrasonic transducers and acoustic CET through air,
living tissue and solids is going to be presented. In addition, some industrial applications
for acoustic CET are highlighted.

In the end of this chapter, a review on power conversion electrical circuits is per-
formed. Several converters are presented as candidate solutions as power circuitry for
acoustic CET systems.

2.1 TYPES OF CONTACTLESS ENERGY TRANSFER SYSTEMS

There are different techniques for contactless energy transfer systems, such as
acoustic (sound), inductive (magnetic field), capacitive (electric field) and light (optical).
An overview of CET technologies is shown in Table 2.1.

Table 2.1 – Overview of contactless energy transfer systems.

Technology Distance (mm) Output power (W) Efficiency (%)
Acoustic 0.2-400 0.0001-1000 1-90
Inductive 0.2-134 1-200 kW 80-90
Capacitive 0.1-0.5 1-50 50-80
Optical (m to km) 1-100 20-30

Source: Adapted from (KAZMIERKOWSKI; MORADEWICZ, 2012).

Besides the quantitative features of CET technologies, the properties and typical
applications should be taken into account when selecting a CET system. In Figure 2.1,
the classification and main applications of CET systems are shown.
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Figure 2.1 – Classification and applications of contactless energy transfer systems.
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2.1.1 Acoustic

Acoustic CET is suitable when electromagnetic waves (EM) are not allowed. In
addition, when high directionality is required, these systems can be designed with smaller
dimensions. In general, a transducer is a device that converts one type of energy into
another. Ultrasound transducers are used for acoustic CET applications. In acoustic CET,
a transducer is used to convert electrical energy into a pressure wave that is transferred
through a medium. Another transducer is used as receiver to perform the inverse process,
in other words, to convert the sound wave into electrical energy. In this chapter, it
is considered the nomenclature acoustic CET because many considered works in this
literature review are related to that. However, in the development of this work, it is going
to be considered as electro-mechanical-acoustic CET system in order to highlight that
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ultrasound transducers based on piezoelectricity are used.
Three types of acoustic CET are found in the literature and industrial applications:

• Propagation through living tissue;

• Propagation through air;

• Propagation through solids (through-wall).

In order to charge implants, like pacemakers, acoustic CET has been extensively
explored. Cochran et al. (1985) used a piezoelectric material with an internal fixation
device and self-generated electrical stimulation to improve bone healing. It can be con-
sidered one of the first applications of acoustic CET for biomedical applications. The
energy is harvested from body movement or externally applied ultrasonic energy.

Amar, Kouki & Cao (2015) presented recent methodologies to transfer and harvest
energy in implantable medical devices. In general, power approaches for implantable
devices are divided into independent systems and systems with a transferring mechanism.
The first class is divided into onetime batteries and environmental harvesting, which
includes several energy sources, like as biofuel cells, thermoelectricity, piezoelectricity,
electrostatics and electromagnetics. Systems with a transferring mechanism are classified
as optical charging, inductive coupling or ultrasonic transducers.

Mano, Maio & Heller (2003) presented a bio-full cell implanted in a grape. A power
of 2.4µW at 0.52V was generated with this miniaturized device. Melodie et al. (2018)
reported the piezoelectric properties of materials found inside the body and how they are
used in medical implants. In this sense, it is highlighted the use of the ultrasonic lancet
for operations aiming to preserve the surrounding tissue.

A general acoustic contactless energy transfer system is portrayed in Figure 2.2.

Figure 2.2 – General block diagram of an acoustic contactless energy transfer system.
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A sinusoidal electrical energy source supplies an ultrasound transmitter that sends
an acoustic wave through a transfer media. An ultrasound receiver captures the signal
and a rectifier is used to convert the AC signal into DC signal. Matching layers should
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be used between the transducers and the transfer media. This is because the acoustic
impedance of the transducers, in general, is very different from the transducers. Many
types of transfer media can be used, like as air, solids (metals, plastic, etc.) and living
tissues, which is going to be explained in details in the next section (TAALLA et al.,
2019).

A summarized literature review of acoustic contactless energy transfer systems is
presented in Table 2.2. The system features, such as frequency, efficiency η, gap and
application are indicated in Table 2.2 for each reference.

Table 2.2 – Literature review on acoustic contactless energy transfer systems.

Reference Freq. (kHz) η (%) Gap (mm) Application
Denisov & Yeatman (2010) 1000 39 10 Biomedical
Ozeri & Shmilovitz (2010) 673 39.1 40 Biomedical
Shih & Shih (2010) 35 - 15 Biomedical
Lawry et al. (2012) 4000 - 63.5 Through-wall
Zaid et al. (2016) 40.75 - 20 Through-air
Yang et al. (2018b) 944.4 27.7 40 Through-wall
Mahmood, Mohammed &
Gharghan (2019)

40 69.4 40 Biomedical

2.1.2 Inductive

In inductively coupled CET, a primary side DC-AC power converter transfers AC
energy to a secondary side AC-DC power converter with a specific inductive coupling
factor. The general block diagram of an inductively contactless energy transfer system is
depicted in Figure 2.3.

Figure 2.3 – General block diagram of an inductively contactless energy transfer system.
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This system is also named inductive power transfer (IPT). Trautmann et al. (2016)
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developed a robust inductive plug for energy and transfer data. By using coupling coils,
a contactless transmission channel for low data rate operation between the primary and
secondary sides at a frequency of 8 kHz was demonstrated. The main result is a system
with 3000 W delivered power at 1 kbit/s data rate. Such system is interesting to be used
in harsh environments, in which plug connectors should be resistant to pollutants, like as
oil and dust (TRAUTMANN et al., 2016).

As it can be seen in Figure 2.3, a DC-AC inverter and an AC-DC rectifier are
necessary to perform the IPT. In this sense, some works deal with the analysis and
design of such power converters. Nagashima et al. (2015) analyzed a Class-E resonant
inverter and a Class-E resonant rectifier for wireless power transfer systems. By cascading
the inverter and the rectifier, the Class-E2 DC-DC resonant converter is obtained. The
advantage of such system is that the inverter switch turns-on under zero voltage switching
(ZVS) and zero derivative switching (ZDS). In addition, at the turn-off transition of the
rectifier diode, both the diode voltage and its derivative are zero. These features reduce
losses and improve the overall system efficiency. The Class-E2 DC-DC resonant converter
for IPT is shown in Figure 2.4.

Figure 2.4 – Class-E2 wireless power transfer system.
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By applying coupled coils in IPT systems for charging electrical vehicles, cables
and wires can be avoided. For such applications, full-bridge inverters were reported in
the literature. Lu & Ngo (2018) shows a design approach based on normalized electrical
parameters and decouples equations for IPT system based on full-bridge inverter and
rectifier. The normalized parameters are described as the quality factor, normalized
impedance, normalized switching frequency, coupling coefficient and turns ratio. They
are used to perform a systematical design for series-series IPT systems based on given
specifications. The design procedure leads to a practical implementation of a 98.9 % of
coils efficiency at 100 kHz.

The automotive market is an attractive field for inductive power transfer. However,
efficiency and cost are challenges to be faced in electric vehicle (EV) charging system. A
typical EV or vehicle to grid (V2G) system is shown in Figure 2.5.

By increasing the operating frequency to MHz, challenges in the power electronics
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Figure 2.5 – Wireless electric vehicle charging system.

devices are relevant. Furthermore, when an air-core coil is attached to a vehicle, the mag-
netic flux goes inside the chassis. This leads to significant changes in the coil parameters
(NAGATSUKA et al., 2010). Ning et al. (2013) assembled a system for EV with tested
efficiency of 90 % for 7 kW power delivery. Recently, a technology of dynamic wireless
power transfer with vehicular detection system for vehicle misalignment and speed detec-
tion was proposed by Azad et al. (2019). The main parts of the system are a magnetic
coupler composed of a transmitter system mounted on the road or in the vehicle and
multiple receiver detection coils installed underground to sense the induced voltage. In
this case, the contactless energy transfer system is used to sense the voltage, which is
processed in order to extract the vehicle misalignment and speed information.

Arteaga et al. (2019) implemented an unmanned aerial vehicle (UAV) with a Hus-
ban H107L X4 quadcopter. The standard lithium polymer battery was replaced by an
IPT receiver. The drone was able to operate without any energy storage system while
near to the IPT transmitter. The selected frequency was 13.56 MHz in order to match
the design of the coils regarding size, weight and shape. As the drone changes its align-
ment with the transmitting coil, the misalignment is one of the main challenges that must
be considered in the design methodology. Wireless transfer can be also used in simul-
taneous power and data transfer, and charging battery applications (YAO et al., 2020;
NAMADMALAN; ALONSO; IQBAL, 2021). A summarized literature review of inductive
contactless energy transfer systems is described in Table 2.3.
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Table 2.3 – Literature review on inductive contactless energy transfer systems.

Reference Freq. (kHz) η (%) Gap (mm) Application
Laskovski & Yuce (2010) 27000 80 15 Biomedical

Sample, Meyer & Smith (2011) 7650 50 700 WPT
Wu et al. (2012) 20 90 246 EV

Calder, Lee & Lorenz (2013) 3540 80 300 WPT
Zhang et al. (2016) - 77 1100 Smart grid
Arteaga et al. (2019) 13560 60 75 UAV

2.1.3 Capacitive

Following the same general concept of CET in Figure 1.1, the capacitive contactless
power transfer (CPT) is conceived. Nonetheless, the transmitter and receiver devices are
based on metal plates. In general, two plates are used at the primary side as a power
transmitter, and two plates at the secondary side as a power receiver, ensuring in at least
two coupling capacitors to provide the power flow (LU; ZHANG; MI, 2017). The typical
block diagram of a CPT system is shown in Figure 2.6.

Figure 2.6 – General block diagram of a capacitive contactless energy transfer system.
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The main applications of CPT systems are biomedical devices, light-emitting di-
odes (LED) lighting and mobile device charging. Furthermore, CPT systems have been
used to realize dynamic charging while the vehicle is moving along the roadway as de-
monstrated by Sakai et al. (2016).

Erfani et al. (2018) have reported the modeling and experimental investigation of
a CPT system for biomedical implants. A 400 mm2 capacitive pads on printed-circuit
boards were used for a series-resonant capacitive link. A 5 mm2-thick tissue layer was
used along with two 100 µH inductors resulting in resonance frequencies of 115 and 127
kHz. Measurements were performed for different distances between the metal plates.
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When the capacitive link is excited by 1 W of power, the maximum specific absorption
rate averaged (biosafety-imposed limitations) over 10 g of tissue was reported to be 1.63
W/kg, which is below the safety limit for this kind of application.

In comparison to IPT systems, the CPT technology has the following advantages:

• Good misalignment performance;

• Low cost;

• Low weight;

• Negligible eddy-current loss.

In the IPT system, the coils work as a loosely coupled transformer. In this sense,
it is necessary to increase the circulating current in the coils due to very small coupling
coefficient. In contrast, only several pieces of metal plates are used to build the capaci-
tive coupler and the system performance is not greatly affected by the thickness of the
plates. Considering recent studies, a CPT system with 610 mm × 610 mm metal plates
maintained 89.4 % of the power considering 300 mm misalignment (LU et al., 2015). On
the other hand, a IPT system with 600 mm × 800 mm inductive coupler reduces to 56
% of the well-aligned value with 310 mm misalignment (LI et al., 2015). A summarized
literature review of capacitive contactless energy transfer systems is described in Table
2.4.

Table 2.4 – Literature review on capacitive contactless energy transfer systems.

Reference Freq. (kHz) η (%) Gap (mm) Application
Kline et al. (2011) 4200 80 0.13 WPT
Theodoridis (2012) 1000 >80 - WPT
Dai & Ludois (2016) 530 90 0.25 EV

Minnaert & Stevens (2018) 300 - 2.5 WPT
Zhu et al. (2019) 2170 66 2.5 Mobile

Abramov, Zeltser & Peretz (2019) 1500 75 30 WPT

2.1.4 Optical

In optical or light contactless energy transfer systems, laser diodes generate a
optical power beam and photovoltaic diodes convert it back into electrical energy. An
optical CET system operates similar to far-field electromagnetic or microwave energy
transfer systems (KAZMIERKOWSKI; MORADEWICZ, 2012).
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A light beam is collimated for maximum overlap with the active region of a photo-
voltaic with free space in between. The main advantage is long distance (m to km) trans-
mission. In addition, it is easy to control the direction of energy propagation (SAHAI;
GRAHAM, 2011), (STONE; HOGAN, 1988).

The optical CET is used in mobile devices and space applications (EDWARDS,
2000). The typical block diagram of a optical CET system is portrayed in Figure 2.7 and
a summarized literature review in Table 2.5.

Figure 2.7 – General block diagram of an optical contactless energy transfer system.
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Table 2.5 – Literature review on optical contactless energy transfer systems.

Reference Freq. (kHz) η (%) Gap (mm) Application
Fakidis (2017) - 3.2 3600 EH

Kim & Rhee (2018) - 12.1 500000 WPT
Lim, Khwaja & Ha (2019) - - 1000 WPT

2.2 ACOUSTIC CONTACTLESS ENERGY TRANSFER SYSTEMS

This work thematizes the acoustic contactless energy transfer systems. In this
sense, this section presents the basics about ultrasound waves, ultrasonic transducers
and a review of the state-of-art on energy transfer through air, living tissue and solids.
Furthermore, industrial applications are highlighted for through-wall acoustic CET.

The acoustic contactless energy transfer systems use ultrasound waves, which are
sound waves with higher frequencies than the upper audible limit of human hearing (≥
20 kHz).
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2.2.1 Ultrasonic transducers

An ultrasonic transducer is a device that converts electrical energy into acoustical
waves (transmitter) or vice-versa (receiver). The ultrasonic transmitter is supplied by an
electrical power source and by means of a piezoelectric component, a mechanical vibra-
tion is generated, then, due to the constructive characteristics of the device, acoustical
sound pressure is transmitted in the form of ultrasound waves (LENK et al., 2011). A
representation of an ultrasonic transducer based on piezoelectricity is shown in Figure 2.8.

Figure 2.8 – Ultrasonic transducer based on piezoelectricity.
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The piezoelectric component (PZT) has a thickness tp. The sound field of the
transducer is composed of two regions: the near field and the far field.

The region directly in front of the transducer is the near field. In this region, the
amplitude goes through a series of maxima and minima. Beyond the near field, is the
region called far field, in which the ultrasonic beam is more uniform (OLYMPUS, 2006).

The near field NF can be calculated by

NF = Arf

πCL
, (2.1)

being, Ar the area of the transducer, CL the wave velocity and f the frequency.
A highly attenuative, high density material is the backing. It controls the vibration

of the transducer by absorbing the energy radiating from the back face of the piezoelectric
component. A compromise between the acoustic impedance matching of the backing
material and the PZT must be taken into account when designing ultrasonic transducers.
If the impedances are matching, the transducer resolution is high, on the other hand, it
may be lower in signal amplitude. However, if there is an impedance mismatching, more
sound energy will be reflected forward into the test material (OLYMPUS, 2006).
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2.2.2 Energy transfer through air

Ishiyama et al. (2003) demonstrated a wireless power transfer system based on
ultrasonic air transducers for mobile applications. By measuring the sound pressure level
and the output voltage, the characteristics of the system were experimentally described.
Around 0.05mW were achieved over a distance of 0.3m at 20Vpp as input source (peak
to peak). The same work concludes that enclosed-type transducers are suitable for ultra-
sound contactless energy transfer systems. It is interesting to note that the used frequency
was 28 kHz, which is relatively low for such applications considering commercial uses.

The use of ultrasound waves for wireless communication is performed in the work
of Jiang & Wright (2013). The transmitted data were encoded and modulated using a
specific computer program in MATLAB with an interface to a waveform generator. The
modulated data were sent through air by means of a capacitive ultrasonic transmitter.
The characters Q, W, E, R, T and Y are represented by different frequencies encoded in
the ultrasound wave. The work shows that it is feasible to transmit the data through air.
However, the delay when changes occur in the binary values leads to errors between 1.8 %
to almost 50 %.

A wireless sensor system for power and data transmission was reported by Lin,
Chiang & Chen (2017). Commercial ultrasound transmitters and receivers operating
at 40 kHz are used to send energy through air. A micro-controller performs the signal
manipulation in order to modulated a specific signal that is sent back by means of a pair
of ultrasound transmitter and receiver. This micro-controller requires 10µA under sleep
mode and 1.8V as minimum operating voltage. It was shown that the system operates
correctly over a distance of 14 cm. The efficiency was not presented.

2.2.3 Energy transfer through living tissue

One of the most common application of acoustic contactless energy transfer system
is related to bio-implantable devices. Several publications deal with biomedical applica-
tions, in which the acoustic energy transfer is used to charge implants (FRAUNHOFER-
IBMT-THERANOSTISCHE-PROJEKT, 2011).

Denisov & Yeatman (2010) investigated the power transmission efficiency of ultra-
sonic and inductive energy transfer system for wireless charging of implanted microdevi-
ces. Different receiver sizes and distance between the transducers were evaluated. The
inductive system is better for small distances between transmitter and receiver (less than
1 cm), in which the simulation results have shown 81 % of efficiency when considering in-
ductive systems and 39 % for ultrasonic. However, by increasing the distance between the
transducers, the ultrasonic system outperforms the inductive one (0.02 % vs. 0.00002 %).
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In the work of Radziemski, S. & Makini (2017), an ultrasound charging system for
implanted medical devices is demonstrated. The proposed system consists of an ultra-
sound transmitter and an implanted receiver that converts acoustic to electrical energy.
A 1 cm of length tissue was used as transfer media inside a water tank. The overall sys-
tem efficiency and the ratio of acoustic input power to the electrical charging available
power were evaluated at a selected frequency of 1MHz. The overall system efficiency was
15− 25 %, the transmitter efficiency was 50− 70 %, the receiver efficiency was 50− 70 %
and the charging circuit efficiency was about 55 %.

Shih & Shih (2010) developed an ultrasonic wireless power transfer for an implan-
table biomedical device with fully packaged power receivers with dimensions of 10mm×
10mm× 5.5mm. It was shown that the device is able to recharge a 25µJ battery in 18.1
minutes with 1.23mW .

Rosa & Yang (2016) reported a implantable device that is wirelessly activated in
order to enable ultrasound emissions for computing biological tissue parameters, such
as pH, concentration of electrolytes and thermal gradients. By using 3 cm as distance
between the receiver and the source, the device consumes 60µA with 0.8V .

2.2.4 Energy transfer through solids

Yang et al. (2018b) recently reported a interesting work about through-metal
energy transfer by means of ultrasound waves. The selected ultrasonic transducers are
based on commercial PZT-5 piezoelectric discs. The transfer media is a steel plate with
dimensions 300mm× 300mm× 40mm. The transmitter is driven by a cascaded combi-
nation of a continuous-wave signal source and a 100W linear power amplifier. Matching
networks are analytically analyzed in order to improve the impedance matching related
to the piezoelectric transducers. They are designed by using a normalized Smith chart,
which is characterized by different regions that show different topologies. Yang et al.
(2018b) have not included the effects of changing the transfer media geometry. However,
the transducers are designed to achieve maximum efficiency on the proposed scenario.
Furthermore, an AC-DC rectifier is designed to perform regulated DC output current.
The rectifier topology is a full-bridge circuit with input inductor and filter capacitor de-
signed to increase the conduction angle of the input current and a DC-DC converter is
used to stabilize the operating point of the rectifier. The system generates 5V , 15.7W
and overall power transfer efficiency of 27.7 %.

Lawry et al. (2012) presented an analytical model for a sandwiched plate piezoelec-
tric transformer. This system is composed of a metallic barrier between two piezoelectric
disk transducers. The authors described a model based on a representation by a set of
two-port network parameters. The analogy force as voltage and velocity as current is
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used. Under the assumptions that all interfaces are parallel with zero surface roughness,
large diameter-to-thickness ratio of the transducers and considering that all mechanical
layers of the sandwiched plate piezoelectric transformer are represented by slabs of homo-
geneous elastic materials with finite thicknesses, the ultrasound wave is modeled by the
one-dimensional wave equation for particle displacement in order to describe the linear
dilatation elastic wave propagation in the material. The model is interesting because it
includes the media properties (thickness, density, speed of sound and attenuation coeffici-
ent), transducers parameters and matching networks parameters in a elegant telegrapher’s
equations. The evaluated transfer media is a steel barrier with thickness of 63.5mm. It
is important to note that the authors mention that the model was enhanced by systema-
tically adjustment based on the measurements. The measured power transfer function
shows good agreement with the developed analytical model.

2.3 POWER CONVERSION CIRCUITRY

The electro-mechanical-acoustic CET system has an electrical input and an elec-
trical output. A DC-AC inverter can be used to drive the system and an AC-DC rectifier
can be used to convert the AC signal of the piezoelectric transducer into a DC signal to
supply a load.

In a general way, an AC-DC rectifier is a system that converts an AC signal into
a DC signal by means of reactive components and switches. In low power applications,
three families of rectifiers are highlighted, full-bridge topologies, resonant rectifiers and
voltage multipliers.

The first family, full bridge topologies, is mainly represented by four diodes and an
output filter capacitor. However, several synchronized switching circuit topologies were
proposed in the literature in order to enhance the system operation (CHEN, 2013).

A standard full-bridge rectifier is used as interfacing circuit for a multiple piezoe-
lectric patch energy harvesters in Aghakhani & Basdogan (2017). Analytical closed-form
solution for the response of the system is provided. The model gathers the equivalent
impedance of the harvesting circuit into a distributed-parameter electroelastic model of
the plate with multiple harvesters.

In Chen (2013) two techniques to improve the full-bridge rectifier operation for
piezoelectric energy harvesters were presented: the synchronized switching harvesting on
inductor in parallel (SSHI-parallel) and the synchronized switching harvesting on induc-
tor in series (SSHI-series). The SSHI-parallel makes use of a bi-directional switch and an
inductor is connected in parallel with the AC input source. It was shown in Chen (2013)
that the energy stored in the piezoelectric capacitance is extracted by its resonance in
relation to the inductor of SSHI-parallel circuit. The resonant circuit increases the mag-
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nitude of the voltage across the piezoelectric capacitance, which leads to more extracted
energy from the vibration source. On the other hand, the SSHI-series uses a inductor and
a switch in series with the input source. It was shown that both interfacing circuits can
be used for piezoelectric energy harvesters.

Voltage multipliers are composed of diodes and capacitors and increase the voltage
while performing AC-to-DC power conversion. They are commonly referred as voltage
rectifiers. The main advantage is that higher DC output voltage can be obtained from
small AC input voltage. On the other hand, the high-voltage stress on the diodes and
output capacitor is considered as a drawback (FOROUZESH et al., 2017).

There are several arrangements of diodes and capacitors that characterize a vol-
tage multiplier. For instance, Greinacher voltage doubler (ZUMBAHLEN, 2008), impro-
ved Greinacher voltage doubler (FOROUZESH et al., 2017), voltage quadrupler (LIN
et al., 2014), voltage doubler rectifier (WANG et al., 2010), voltage quadrupler rectifier
(SHANG; WANG, 2018), basic switched capacitor (SCHMID; HUBER, 2018), Dickson
charge pump (TANZAWA; TANAKA, 1997) and Cockcroft-Walton multiplier (COCK-
CROFT; WALTON, 1932). Furthermore, voltage multipliers can be combined to DC-DC
switched converters (ANDRADE et al., 2018) and to resonant converters (WU et al.,
2015).

The third type of AC-DC rectifiers under study in this work is related to the
resonant rectifiers. Essentially, resonant circuits allow shaping the power converters wa-
veforms in a sinusoidal fashion ensuring soft-switching conditions (KAZIMIERCZUK;
CZARKOWSKI, 1995). In general a DC-DC resonant converter is obtained by cascading
a DC-AC resonant inverter with an AC-DC resonant rectifier. For some applications,
these two subsystems should be used separately. Recently, Class-E based rectifiers have
been used with complementary-metal-oxide-semiconductor (CMOS) technology aiming
to batteries avoidance in wireless sensors (DEHGHANI; JOHNSON, 2016). The reso-
nant rectifiers can be divided into Class-D or Class-E; zero-current soft switching (ZCS),
zero-voltage soft switching (ZVS) and zero-derivative switching (ZDCS / ZDVS); and
current-driven or voltage-driven.

Topologies based on full-bridge rectifiers are commonly found in the literature and
by designing the synchronized switch the overall efficiency can be improved. However,
the high stress on the switches is a drawback.

Voltage multipliers can be easily implemented and high AC-to-DC transfer power
ratio can be achieved. Nevertheless, components design aiming improvement are not a
straightforward task.

Resonant rectifiers can achieve high efficiency due to their soft-switching mecha-
nisms (JOZWIK; KAZIMIERCZUK, 1990; KAZIMIERCZUK; TOMESCU; IVASCU,
1994). Notwithstanding, the complexity of such circuits is high due to the resonance
features; it is necessary a well-defined methodology in order to achieve the optimum
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behavior (zero-derivative voltage/current switching).
One of the advantages of the resonant rectifiers over the SSHI full-bridge topologies,

is that the first ones do not need gate-drivers for the switches. In addition, the soft-
switching characteristics allow to reduce losses.

The DC-AC inverter converts a continuous input source into an alternating sig-
nal. Considering grid-connected applications, half-bridge and full-bridge topologies with
a resonant tank are commonly used (BABAEI; ASL; BABAYI, 2016; KISHORE; BHI-
MASINGU, 2017; PHADUNGTHIN, 2017).

In Tebianian J. Quaicoe (2016), a Class-D inverter operating at 13.56MHz is used
for wireless power transfer systems based on enhanced-mode GaN on silicon FETs. Such
switches have lower on-resistance and higher band gap when compared to conventional
power MOSFETS. The proposed Class-D inverter has a resonant tank composed of a
5.2µH inductor and a 26 pF capacitor. The converter is designed to achieve ZVS condition
and operates from 20 − 80V input voltage range. In addition, a dynamic dead-time
control is presented, in which digital potentiometers dynamically change the charging
time constant as the input voltage changes based on the variation of the load.

An interesting review on resonant DC-AC inverters was conducted by Outeiro,
Buja & Czarkowski (2016). A classification considering resonant tanks with two, three
and multiple elements is presented. It is shown that two-element series resonant tank
exhibits poor regulation of the output voltage in the case of very light loads and operates
only as step-down converter. On the other hand, two-element parallel resonant tank has
capability of no-load regulation and low-output ripple current. However, it is not a good
solution in applications where the input voltage varies over a large range.

Class-E inverter can operate with ZVS or ZCS condition. By choosing the proper
values of the resonant circuit for the Class-E ZVS inverter, the switch turns on at zero
voltage. In this case, the switch current and voltage waveforms do not overlap during the
switching time intervals, which increases efficiency. Switching losses are virtually zero. In
the Class-E ZCS inverter the switch is turned off at zero current, yielding zero current
soft-swithing operation (KAZIMIERCZUK; CZARKOWSKI, 1995; LOTFI et al., 2019;
AYACHIT et al., 2019; JEDI; KAZIMIERCZUK, 2018).

Not as well known as the Class-E inverter, the Class-F inverter is a modification
in Class-B amplifiers, in which additional resonators are added in series with the load
in order to open-circuit the transistor drain at several low-order odd harmonics (KEE
et al., 2003). The inverter waveform begins to resemble a square wave because the odd
voltage harmonics tend to flatten the waveform. This feature leads to a reduced voltage
across the transistor during the conduction time, which increases efficiency. The Class-F
inverter is commonly used as amplifier. However, its features were reported as an add-on
for the Class-E inverter, which generates a topology called Class-EF2 inverter or Class-
Φ2 inverter. The idea is to add a resonant network related to the switching frequency
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of the inverter, the voltage or current stress can be reduced, which increases efficiency
(ALDHAHER; YATES; MITCHESON, 2016; JEDI et al., 2020).

By cascading a DC-AC resonant inverter to a AC-DC resonant rectifier, a DC-
DC resonant converter is obtained. These converters are characterized by double soft-
switching operation, which means that both inverter switch and diode rectifier operate
with ZVS/ZDS or ZCS/ZDS. One example is the Class-E2 DC-DC resonant converter,
which has been especially used for wireless power transfer (NAGASHIMA et al., 2015).

Resonant topologies can be also integrated to hard-switching converters, like as
the Flyback-Class-E converter demonstrated by Zhang et al. (2017) for LED applications.
Furthermore, Almeida et al. (2015) has shown a resonant DC-DC converter integrated into
a bridge-less Boost power factor correction topology aiming to reduce the bulk capacitance
and increase the overall efficiency of a LED driver.

Piezoelectric transformers driven by resonant converters were explored by Alonso,
Ordiz & Costa (2008), in which a control method that ensures ZVS operation is proposed.
Yang et al. (2009) demonstrated a comparison between Half-bridge and Class-E resonant
converters as topological representation of piezoelectric transformers.

In Pareschi et al. (2019), a through-the-barrier communication technique based
on Class-E2 resonant converter is proposed. The idea is based on observation of para-
meter changing in the secondary side (rectifier part), which leads to an easily detected
parameter changing in the primary side. The converter is analyzed by means of defining
soft-switching conditions for both inverter and rectifier. A proof-of-concept is performed
by designing a 5V input voltage and 5V output voltage. The converter was designed to
operate at 1MHz and 1Mbit/s data rate is achieved.

2.4 CONCLUSION

In this Chapter, the literature review on contactless energy transfer systems has
been presented. The different types of CET have been highlighted considering applicati-
ons, qualitative and quantitative factors.

The main applications for acoustic CET have been reported, like as energy transfer
through air, living tissues and solids. In addition, some industrial applications were
highlighted. The main power conversion circuits used in low power applications have
been shown in order to compare different solutions for CET. It has been shown that the
main circuits are: full-bridge topologies, voltage multipliers and resonant converters.
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This chapter shows the development of a modeling methodology for an electro-
mechanical-acoustic contactless energy transfer system. The selected approach is based
on multiphysics networks to represent the electrical, mechanical and acoustical domains
by lumped parameters. The multiphysics building blocks are converted into unit-less
parameters in order to obtain a normalized state-space model for the system.

The next section shows the overview of the methodology. Subsequently, the mul-
tiphysics networks are described by explaining their main building blocks. A representa-
tion for the system is proposed and from it, the modeling methodology is explained.

3.1 METHODOLOGY

The main idea is to represent the electro-mechanical-acoustic CET system by a
multiphysics network which can be mathematically equated by a state-space model. The
system is analyzed by the Kirchhoff’s Laws of Circuits and the Newton’s Laws of Motion.
Subsequently, unit-less parameters are extracted from the real system representation. A
new vector space is defined in order to perform an equivalence transformation. This
mathematical operation allows to easily relate real system parameters and unit-less para-
meters. The advantage of the proposed model is that all the required power conversions,
electrical-to-mechanical, mechanical-to-acoustic, acoustic-to-mechanical and mechanical-
to-electrical, are included into a single state-space model.

Based on the normalized state-space model with unit-less parameters, normalized
gain curves are obtained, which represent the behaviour of the system in a general way.

An overview of the modeling methodology is portrayed in Figure 3.1. From the
system, a normalized state-space model based on unit-less parameters is aimed to be
achieved. For this purpose, the main used techniques are: multiphysics networks repre-
sentation, parameters normalization and input and frequency normalization.
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Figure 3.1 – Overview of the modeling and methodology.
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First, an analytical model is developed. The model can be evaluated based on
real system parameters and it can be converted into a normalized model based on unit-
less parameters. By evaluating the model based on the experimental response of the
physical system, it is possible to determine which parts of the model should be enhanced or
modified in order to achieve an adequate agreement between theoretical and experimental
results.

3.2 MULTIPHYSICS NETWORKS

Multiphysics networks are structures composed of building blocks that represent
physical components in different domains, such as electrical, mechanical and acoustical.
The Kirchhoff’s Laws of Circuits are well-known in electrical networks representation. In
the same way, Newton’s Laws of Motion are used to equate mechanical systems and their
interactions. For acoustical systems, analogies can be made with the mechanical and
electrical ones.

The main advantage of physical system representation by multiphysics networks
based on lumped parameters is that, well-known modeling techniques can be used to
mathematically analyze the system. For instance, state-space models and frequency do-
main response. Furthermore, the normalization procedure used for electrical circuits, is
going to be extended for multiphysics networks, which is a novelty that is shown in this
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work.
First of all, the components used in multiphysics networks are going to be pre-

sented. Table 3.1 shows the components and their time domain and frequency domain
equations. Table 3.2 shows the sources used in multiphysics networks (LENK et al., 2011;
MARSCHNER; WERTHSCHUTZKY, 2015).

Table 3.1 – List of components for multiphysics networks.

Symbol Component Time domain Frequency domain

Electrical inductor L vL = LdiL
dt

vL = jωLiL

Electrical capacitor C iC = C dvC
dt

iC = jωCvC

Electrical resistor R vR = RiR vR = RiR

Mechanical mass M f = M dy
dt

f = jωMy

Mechanical stiffness K y = 1
K
df
dt

y = jωf
K

Mechanical damper D f = Dy f = Dy

Acoustical mass Ma p = Ma
dq
dt

p = jωMaq

Acoustical compliance Na q = Na
dp
dt

q = jωNap

Acoustical friction Za p = Zaq p = Zaq
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Table 3.2 – List of sources for multiphysics networks.

Symbol Component Time domain Unit

Electrical voltage source v(t) v(t) = V sin(ωt) V

Electrical current source i(t) i(t) = I sin(ωt) A

Mechanical force f f(t) = F sin(ωt) N = kg·m
s2

Mechanical velocity y(t) y(t) = dz
dt

m
s

Acoustic sound pressure p(t) p(t) = P sin(ωt) Pa = N
m2

Acoustic volume velocity q(t) q(t) = Q sin(ωt) m3

s

In Table 3.1 and Table 3.2, vL is an inductor voltage, iL an inductor current, vC is a
capacitor voltage, iC is a capacitor current, vR is a resistor voltage, iR is a resistor current,
f is a mechanical force, y is a mechanical velocity, p is an acoustical sound pressure and
q is an acoustical sound velocity. In addition, V , I, F , P and Q are the input signals
amplitudes.

3.3 MULTIPHYSICAL MODEL BASED ON LUMPED PARAMETERS

The problem is described as an electro-mechanical-acoustic CET system shown in
Figure 3.2. The transducers are noted as transmitter and receiver and they are based on
piezoelectricity. The acoustic medium is based on solid elements, which can be considered
a material with specific geometry and material properties. The system has an electrical
input and an electrical output. The solid media is the system’s transfer media.

A lumped parameter can be understood as a representation of a physical system
by an idealized discrete component. In this sense, a model based on lumped parameters
aims to represent the behavior of a spatially distributed physical system by means of a
topology based on discrete elements.

The goal is to develop a model for the system based on lumped parameters. In
this sense, it is important to describe the conditions and assumptions for the modeling.

An alignment structure is shown in Figure 3.2. This is used to ensure that the
transducers and the media are aligned to each other. In order to avoid undesirable me-
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Figure 3.2 – Electro-mechanical-acoustic contactless energy transfer system.
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chanical vibration from the media to the structure, soft adapters are used between the
main system components and the structure.

Ultrasound gel is used as interface between the transducers and the acoustic media.
The gel enhances the coupling and leads to better power transmission.

Based on the aforementioned conditions, the model is developed under the following
assumptions:

1. The coupling between different domains is mathematically described by ideal trans-
formers;

2. The piezoelectric transducers are modeled as electromechanical devices based on
lumped parameters;

3. The transfer media is modeled by a network based on equivalent acoustical lumped
parameters;

4. The alignment structure is neglected. It is because the soft adapters are used to
avoid the undesirable mechanical vibration to the structure;

5. The ultrasound gel is neglected. It is only used to enhance the coupling. The model
considers an ideal coupling between transducers and transfer media;

6. Auxiliary cables and measurements devices are not considered in the model;

7. Temperature and pressure conditions are not taken into account on the modeling.

The multiphysics network representation for the system is drawn in Figure 3.3.
The piezoelectric components have electrical and mechanical components. The

system is supplied by a voltage source vin(ωt) = Vin sin(ωt), with amplitude Vin and
angular frequency ω. Capacitors Cin and Co are the piezoelectric capacitances. The
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Figure 3.3 – Multiphysical representation based on lumped components.
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mechanical components are: mass M1 and M2, dampers D1 and D2, and stiffness K1 and
K2. Subscripts 1 and 2 in the mechanical components refer to transmitter and receiver,
respectively.

The transfer media is composed of equivalent acoustical elements. They are acous-
tical components with analogous behavior to electrical components. Ma1 is the equivalent
acoustical mass, Za1 is the equivalent acoustical friction and Na1 is the equivalent acous-
tical compliance.

It is important to note that the system has three domains: electrical, mechanical
and acoustical. The domains are connected to each other by means of coupling devices,
which work mathematically as ideal transformers. The electrical to mechanical conversion
is given as

α1 = vCin
fin

= ż1

iin − iCin
, (3.1)

being α1 the electro-mechanical coupling factor, vCin is the input capacitor Cin voltage,
fin is the equivalent mechanical force, ż1 is the mechanical velocity (z1 is the mechanical
displacement), iin is the input current and iCin is the capacitor Cin current.

The mechanical to acoustical conversion is mathematically described by

γ1 = f1

p1
= q1

ż1
, (3.2)

being γ1 the mechanical-acoustic coupling factor, f1 the mechanical force generated by
the piezoelectric component (transmitter), p1 is the acoustic sound pressure generated by
the transmitter and q1 the acoustic volume velocity.
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The acoustical to mechanical conversion is related as

γ2 = p2

f2
= ż2

qo
, (3.3)

being γ2 the acoustical-mechanic coupling factor, p2 is the acoustic sound pressure that
reaches the receiver, f2 is the equivalent mechanical force, ż2 is the mechanical velocity
and qo is the acoustic volume velocity.

The mechanical to electrical conversion is given as

α2 = fo
vCo

= iCo + iReq
ż2

, (3.4)

being α2 the mechanical-electrical coupling factor, fo is the mechanical force, vCo is the
output voltage generated by the piezoelectric component (receiver), iCo is the output
capacitance current and iReq is the load current.

The representation in Figure 3.3 considers that the system is driven by a voltage
source. Capacitor Cin is the input capacitance of the piezoelectric component on the ul-
trasonic transmitter. The piezoelectric component is represented by Cin and a mechanical
part composed of M1, K1 and D1. The same concept is applied for the receiver by consi-
dering an output capacitance Co and mechanical componentsM2, K2 and D2. This repre-
sentation can be referenced as the electro-mechanical representation of the piezoelectric
component (MASON, 1942; KRIMHOLTZ; LEEDOM; MATTACI, 1942; HEYWANG;
LUBITZ; WERSING, 2008; CHEN, 2013).

Regarding the transfer media, the basic network is represented by an acoustic mass,
an acoustic friction and an acoustic compliance. However, in order to enhance the model,
several networks can be added to the system.

The acoustical network that represents the transfer media is derived from a ge-
ometric model. Considering a solid with cylindrical geometry as shown in Figure 3.4,
it is decomposed into finite elements of length ln, being n the index for the number of
elements. The solid has a specific radius R and total length ltotal (LENK et al., 2011).
The generic transfer media decomposition into lumped parameters is shown in Appendix
A.

The mentioned concepts are the fundamentals that allow to describe the system
in Figure 3.2 as the representation in Figure 3.3. Based on that, the system is going to
be mathematically described by a state-space representation.

A linear system can be described by a state-space model as

ẋ(t) = AIx(t) + BIu(t)
...

ẋ(t) = Akx(t) + Bku(t)

(3.5)
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Figure 3.4 – Acoustical network by discrete components.
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and
y(t) = CIx(t) + DIu(t)

...
y(t) = Ckx(t) + Dku(t)·

(3.6)

where Ak is the state matrix, Bk is the input matrix, Ck is the output matrix and Dk is
the transmission matrix, being k the index for the system operating mode and u(t) the
input source.

The state vector x(t) can be generically represented in a diagonal matrix form by

x(t) =


ε1 . . . 0
... . . . ...
0 · · · εnc

 , (3.7)

where εnc represents a system variable, such as inductor current, capacitor voltage, me-
chanical displacement, mechanical velocity, acoustic sound pressure or acoustic volume
velocity. nc is the number of storage elements. y(t) is the output vector and can be
described by any desirable system variable.

The electro-mechanical-acoustic system is described by the Kirchhoff’s Circuit
Laws and the Newton’s Laws of Motion. By considering the forces in the electro-mechanical-
acoustic conversion related to the ultrasonic transmitter, a governing equation can be
described as

M1
d2z1(t)
dt2

+D1
dz1(t)
dt

+K1z1(t) + fin(t) + f1(t) = 0. (3.8)
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By means of relations (3.1) and (3.2), the governing equation is written as

M1
d2z1(t)
dt2

+D1
dz1(t)
dt

+K1z1(t) + vCin(t)
α1

+ γ1p1(t) = 0. (3.9)

The acoustic network can be described by a differential equations as

p1(t) = Ma1
dq1(t)
dt

+ Za1q1(t) + p2(t), (3.10)

which can be applied into (3.9), resulting on

M1
d2z1(t)
dt2

+D1
dz1(t)
dt

+K1z1(t)+ vCin(t)
α1

+γ1

(
Ma1

dq1(t)
dt

+Za1q1(t)+p2(t)
)

= 0. (3.11)

The acoustic sound velocity q1(t) can be described based on the mechanical velocity
dz1(t)/dt by means of (3.2), which results on

M1
d2z1(t)
dt2

+D1
dz1(t)
dt

+K1z1(t) + vCin(t)
α1

+
(
γ2

1Ma1
d2z1(t)
dt

+γ2
1Za1

dz1(t)
dt

+γ1p2(t)
)

= 0.

(3.12)
Re-arranging (3.11) and considering vCin(t) = Vin sin(ωt), the governing equation

is described by

(M1 + γ2
1Ma1)d

2z1(t)
dt2

+ (D1 + γ2
1Za1)dz1(t)

dt
+K1z1(t) + Vin sin(ωt)

α1
+ γ1p2(t) = 0, (3.13)

which is finally written as

d2z1(t)
dt2

= − (D1 + γ2
1Za1)

(M1 + γ2
1Ma1)

dz1(t)
dt
− K1z1(t)

(M1 + γ2
1Ma1) −

Vin sin(ωt)
α1(M1 + γ2

1Ma1) −
γ1p2(t)

(M1 + γ2
1Ma1) .

(3.14)
In the same way, by considering the forces in the acoustical-mechanical-electric

conversion related to the ultrasonic receiver, a governing equation can be described as

M2
d2z2(t)
dt2

+D2
dz2(t)
dt

+K2z2(t) + f2(t) + fo(t) = 0. (3.15)

By using (3.3) and (3.4), the equation is written as

M2
d2z2(t)
dt2

+D2
dz2(t)
dt

+K2z2(t) + p2(t)
γ2

+ α2vCo(t) = 0, (3.16)

which can be re-arranged as

d2z2(t)
dt2

= −D2

M2

dz2(t)
dt
− K2

M2
z2(t)− p2(t)

γ2M2
− α2

M2
vCo(t). (3.17)

The piezoelectric receiver is ruled by the following differential equation:

iCo(t) + iReq(t) = α2
dz2(t)
dt

, (3.18)
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which is also equated as
dvCo
dt

= α2

Co

dz2(t)
dt
− vCo(t)
ReqCo

. (3.19)

The acoustic network provides the differential equation

q1(t) = Na1
dp2(t)
dt

+ qo(t), (3.20)

which can be re-arranged by means of (3.2) and (3.3) as

dp2(t)
dt

= γ1

Na1

dz1(t)
dt
− 1
γ2Na1

dz2(t)
dt

. (3.21)

Equations (3.14), (3.17), (3.19) and (3.21) describe the system. However, (3.14)
and (3.17) have second-order state variables, which are not suitable for the state-space
representation. In this sense, first-order state variables must be defined as

x1 , z1(t), (3.22)

x2 ,
dx1

dt
= dz1(t)

dt
, (3.23)

x3 , z2(t), (3.24)

x4 ,
dx3

dt
= dz2(t)

dt
, (3.25)

x5 , p2(t) (3.26)

and
x6 , vCo(t). (3.27)

By considering the state vector as

x(t) = [x1, x2, x3, x4, x5, x6]T , (3.28)

and the input as
u(t) = Vin sin(ωt), (3.29)
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the system can be represented by the following state and input matrices:

A =



0 1 0 0 0 0
− K1

(M1+γ2
1Ma1) −

(D1+γ2
1Za1)

(M1+γ2
1Ma1) 0 0 − γ1

(M1+γ2
1Ma1) 0

0 0 0 1 0 0
0 0 −K2

D2
−D2
M2

− 1
γ2M2

− α2
M2

0 γ1
Na1

0 − 1
γ2Na1

0 0
0 0 0 α2

Co
0 − 1

ReqCo


(3.30)

and

B =



0
− 1
α1(M1+γ2

1Ma1)

0
0
0
0


. (3.31)

By selecting the output vector as

y(t) = [x1, x2, x3, x4, x5, x6]T , (3.32)

the output and transmission matrices are

C =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


(3.33)

and
D =

[
0
]

6×1
. (3.34)

The state-space representation was built based on the electrical and mechanical
parts of the piezoelectric components and in an equivalent acoustical network based on
the geometry of the transfer media. Furthermore, coupling factors are used to connect
the different domains.

By solving the state-space model, the frequency and time-domain responses of the
system can be obtained. For this purpose, it is necessary to give values for the terms in
the matrices.

The piezoelectric mass M1 and M2, the piezoelectric dampers D1 and D2, and
the piezoelectric capacitances Cin and Co, are considered as inputs given by the device
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manufacturer. The piezoelectric stiffness is calculated as

K1 = (2πfa)2M1 (3.35)

and
K2 = (2πfa)2M2, (3.36)

in which, fa is the anti-resonant frequency (YANG, 2018).
The electro-mechanical couplings α1 and α2 can be equated as

α1,2 = A√
K1,2Cin,o

= eE33√
cE33ε

E
33

, (3.37)

being, A = eE33Ar/tp the force factor, Ar the area of the piezoelectric component, tp
the piezoelectric component thickness, eE33 the piezoelectric coupling constant, cE33 the
piezoelectric stiffness and εE33 the piezoelectric permitivitty (DUTOIT; WARDLE; KIM,
2005).

The acoustical equivalent mass Ma1, equivalent friction Za1 and equivalent com-
pliance Na1 are calculated based on the geometry and material properties of the transfer
media as

Ma1 = 1
Ma

, (3.38)

Na1 = V ol

C2
Lρ

(3.39)

and
Za1 = 1

Za
. (3.40)

In (3.38),Ma is the acoustical mass, in (3.40), Za is the acoustical friction calculated
as (LENK et al., 2011; MARSCHNER; WERTHSCHUTZKY, 2015):

Ma = ρl

πR2 (3.41)

and
Za = 8µLl

πR4 , (3.42)

being, µL the material friction coefficient.
In (3.38), V ol is the transfer media volume. For example, for a cylinder geometry,

it is calculated as V ol = πR2l.
The mechanical-acoustic couplings are calculated by the relation between the areas

of the piezoelectric component and the transfer media, which leads to (LENK et al., 2011):

γ1,2 = πr2

πR2 , (3.43)

being, r the radius of the piezoelectric component.
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As an example, the multiphysical model based on lumped components is going
to be evaluated for three different scenarios for the transfer media: aluminum, steel and
plastic. All cases consider a cylindrical geometry. In Figure 3.5, the voltage gain (dB) as
function of the frequency (Hz) is depicted for the three different scenarios.

Figure 3.5 – Voltage gain (dB) as function of frequency (Hz) obtained from the multiphy-
sical model based on lumped components.
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The used parameters are shown in Table 3.3 for the piezoelectric components. For
the transfer media as aluminium, steel and PVC, the parameters are shown in Tables 3.4,
3.5 and 3.6, respectively. The parameters for the piezoelectric components were given
by the manufacturer and some based on the properties of the PZT-4 material. The
parameters for the materials related to the transfer media were found in the literature
(W.TITOW, 1990; OLYMPUS, 2006; ROSE, 2014).

One can see that, the gain is higher for aluminium and lower for PVC. In addition,
in the three scenarios, the maximum voltage gain is ruled by the anti-resonant frequency
of the piezoelectric component.
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Table 3.3 – Parameters for the piezoelectric components.

Parameter Description Value Domain
M1 Piezoelectric mass 0.0075 kg Mechanical
D1 Piezoelectric damper 69.6373N · s ·m−1 Mechanical
K1 Piezoelectric stiffness 16.1× 1010N ·m−1 Mechanical
M2 Piezoelectric mass 0.0075 kg Mechanical
D2 Piezoelectric damper 69.6373N · s ·m−1 Mechanical
K2 Piezoelectric stiffness 16.1× 1010N ·m−1 Mechanical
tp Thickness 0.003m Mechanical
r Radius 0.01m Mechanical
Cin Input capacitance 75 pF Electrical
Co Output capacitance 75 pF Electrical
fr Resonant frequency 681 kHz Mechanical
fa Anti-resonant frequency 738 kHz Mechanical

Table 3.4 – Parameters for the transfer media - Aluminium.

Parameter Description Value Domain
R Radius 0.015m Acoustical
l Length 0.1m Acoustical
ρ Density 2710 kg/m3 Acoustical
CL Wave velocity 6300m/s Acoustical
µL Friction coefficient 1.2m · Pa · s Acoustical

Source: (ROSE, 2014; CHENG et al., 2014).

Table 3.5 – Parameters for the transfer media - Steel.

Parameter Description Value Domain
R Radius 0.015m Acoustical
l Length 0.1m Acoustical
ρ Density 7800 kg/m3 Acoustical
CL Wave velocity 5800m/s Acoustical
µL Friction coefficient 4.5m · Pa · s Acoustical

Source: (ROSE, 2014; CHENG et al., 2014).
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Table 3.6 – Parameters for the transfer media - PVC.

Parameter Description Value Domain
R Radius 0.015m Acoustical
l Length 0.1m Acoustical
ρ Density 1380 kg/m3 Acoustical
CL Wave velocity 2388m/s Acoustical
µL Friction coefficient 0.6m · Pa · s Acoustical

Source: (ROSE, 2014; CHENG et al., 2014).

A graphic related to the voltage gain as function of the frequency obtained from the
multiphysical model considering different transducers frequency is shown in Figure 3.6.
The parameters are the same used for the previous graphic related to the aluminium,
except for the resonant frequencies.

Figure 3.6 – Voltage gain (dB) as function of frequency (Hz) obtained from the multiphysi-
cal model based on lumped components for different transducers frequencies.
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It was possible to note that the system has several parameters to be considered,
which leads to a huge number of possibilities for data plotting. For example, the length
and radius of the transfer media can be analyzed by different values. Also, by chan-
ging the piezoelectric components, the anti-resonant and resonant frequencies change.
Furthermore, the system can be analyzed by different materials with different properties.

In this sense, this Thesis proposes a normalized state-space representation based on
unit-less parameters, which is going to be performed in the next section. By normalized,
it means that the model becomes independent of the frequency and the amplitude of the
input source. The unit-less parameters are used to avoid the need to know the real system
parameters to understand the behavior of the system.

Subsequently, relationships among the unit-less parameters, the piezoelectric pro-
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perties, the electro-mechanical components, the geometry of the transfer and the acoustic
components, are going to be explained in order to clarify the conversion from real system
parameters to the proposed unit-less parameters and vice-versa.

3.4 NORMALIZEDMODELINGOFMULTIPHYSICS NETWORKS BASEDONUNIT-
LESS PARAMETERS

This section shows the development of a modeling methodology for multiphysics
networks that normalizes the system in relation to the input source and the operating
frequency. Furthermore, instead of using real system parameters, like as inductor, capaci-
tor, resistor, mechanical mass, mechanical stiffness, mechanical damper, acoustical mass,
acoustical compliance and acoustical friction, unit-less parameters are derived in order to
represent the system in a normalized model.

3.4.1 Real system parameters and unit-less parameters

A system decomposition scheme for multiphysics networks is depicted in Figure
3.7. Three main electrical components are represented by: resistor Rl, inductor Lm and
capacitor Cn. Three main mechanical components are represented as: damper Dl, mass
Mm and stiffness Kn. Three main acoustical components as: friction Za,l, mass Ma,m and
compliance Na,n.

It is important to differentiate real system parameters and unit-less parameters.
Real system parameters are divided into electrical, mechanical and acoustical parameters.

Electrical circuit parameters are described by:

• Resistors: Rl;

• Inductors: Lm;

• Capacitors: Cn;

• Operating angular frequency: ω;

• Voltage input source: Vin;

• Current input source: Iin.

Mechanical parameters are described by:

• Dampers: Dl;

• Mass: Mm;
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Figure 3.7 – Decomposition into unit-less parameters scheme for multiphysics networks.
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• Stiffness: Kn;

• Operating angular frequency: ω;

• Mechanic input force: Fin;

• Mechanic displacement: Zin.

Acoustical parameters are described by:

• Friction: Za,l;

• Mass: Ma,m;

• Compliance: Na,n;

• Operating angular frequency: ω;

• Sound pressure: Pin;

• Sound velocity: Qin.

Unit-less parameters are described by:

• Normalized electrical resonant frequencies: Aj;
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• Normalized mechanical resonant frequencies: Ωι;

• Normalized acoustical resonant frequencies: Oj;

• Electro-mechanical gains: Λκ;

• Mechanical-acoustic gains: Uκ;

• Electro-mechanical coupling factor: αν

• Mechanical-acoustic coupling factor: γν

• Electrical quality factor: Qel;

• Mechanical quality factor: Qmech;

• Acoustical quality factor: Qa;

• Damping: ζh;

• Transfer power ratio: TPOT ;

• Transfer function: S;

• AC-to-DC voltage transfer function: SV ;

• AC-to-DC current transfer function: SI .

The indexes l, m, n, κ, j, ν and h are used to indicate the number of the elements.
The normalized electrical resonant frequency is based on the relation among reac-

tive components:
Aj = ωj

ω
(3.44)

being
ωj = 1√

LmCn
· (3.45)

The normalized mechanical resonant frequency is based on the relation among
mass and stiffness:

Ωj = ωj
ω

(3.46)

being

ωj =
√
Kn√
Mm

· (3.47)

The normalized acoustical resonant frequency is related to the acoustic mass and
compliance:

Oj = ωj
ω

(3.48)
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being
ωj = 1√

Ma,mNa,n

· (3.49)

The electro-mechanical gain is defined as

Λκ = ωκ
ω

(3.50)

being
ωκ = 1√

CnMm

. (3.51)

The mechanical-acoustic gain is defined as

Uκ = ωκ
ω

(3.52)

being
ωκ = 1√

MmNa,n

. (3.53)

The mechanical quality factor is equated by:

Qmech = RlωιCn· (3.54)

The electrical quality factor can be equated as function of the real system para-
meters as

Qel(parallel) = Rl

ωjLm
= ωjCnRl (3.55)

or
Qel(series) = ωjLm

Rl

= 1
ωjCnRl

· (3.56)

In (3.55), the relationship is used for parallel connection between the reactive
components and the resistor. On the other hand, (3.56) is used for series connection.

The acoustical quality factor can be equated as function of the real system para-
meters as

Qa(parallel) = Za,l
ωjMa,m

= ωjNa,nZa,l (3.57)

or
Qa(series) = ωjMa,m

Za,l
= 1
ωjNa,nZa,l

· (3.58)

The damping combines the mechanical components in an unit-less equation des-
cribed by

ζh = Dl

2
√
MmKn

· (3.59)

The transfer power ratio is an unit-less parameter that performs the interface
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between the input and the load by

TPOT = RlIin
Vin

(3.60)

or
TPOT = RlZin

Fin
· (3.61)

The AC-to-DC transfer function SV,I relates an AC input with a DC output signal.
As long as an AC-DC rectifier must be used to convert the output voltage from the
ultrasound receiver into a DC signal to supply a load, SV,I is suitable to understand the
rectifier behavior when relating the transferred energy with other circuit parameters. The
AC-to-DC transfer function is equated as

SV = Vo
Vinrms

= Vo
√

2
Vin

(3.62)

and
SI = Io

Iinrms
= Io
√

2
Iin

(3.63)

being Vo and Io, the output voltage and the output current, respectively.
The unit-less parameters should be extracted from the system to represent it in

a normalized manner with respect to the input, frequency and system parameters (BI-
SOGNO, 2006). The decomposition into unit-less parameters scheme for multiphysics
networks are related to the following statements:

Axiom 1. The combination of a mechanical mass and a mechanical stiffness
generates one normalized mechanical resonant frequency.

Axiom 2. The combination of an electrical inductor and an electrical capacitor
generates one normalized electrical resonant frequency.

Axiom 3. The combination of an acoustical mass and an acoustical compliance
generates one normalized acoustical resonant frequency.

Axiom 4. The combination of an electrical capacitance and a mechanical mass
generates one electro-mechanical gain.

Axiom 5. The combination of a mechanical mass and an acoustical compliance
generates one mechanical-acoustic gain.

Axiom 6. The combination of a mechanical mass, a mechanical stiffness and a
mechanical damper generates the damping factor.

Axiom 7. Each electrical resistance generates one electrical quality factor.
Axiom 8. Each acoustical friction generates one acoustical quality factor.
Axiom 9. The number of extracted normalized resonant frequencies and gains is

the number of energy storage components minus 1.
Axiom 10. The number of quality factors is the number of electrical resistances

and acoustical frictions.
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Axiom 11. The number of damping factors is the the number of mechanical
dampers.

Axiom 12. Each coupling device between electrical and mechanical domains ge-
nerates one electro-mechanical coupling factor.

Axiom 13. Each coupling device between mechanical and acoustical domains ge-
nerates one mechanical-acoustic coupling factor.

Axiom 14. The relation between input and load is described by the transfer power
ratio.

Axiom 15. The relation between input and output is described by the transfer
function.

These axioms are the general rules that must be applied in a multiphysics network
in order to obtain the normalized model. In the next subsections, the development of
the normalized model for the proposed system is going to be explained in details, and
the axioms are going to be applied to clarify the proposed decomposition into unit-less
parameters.

3.4.2 Equivalence transformation

The state-space representation in (3.28)-(3.34) is dependent of real system parame-
ters. In order to obtain a normalized model based on unit-less parameters in a systematic
way, an equivalence transformation should be defined, in which, the vector space descri-
bed by x(t), is converted into a new vector space e(t) based on the square roots of the
energy in the storage elements.

In linear systems, an equivalence transformation is a operation that allows the
representation of a vector by means of other terms by multiplying it using a non-singular
real matrix (CHEN, 1999). In general, the operation

e(t) = P · x(t) (3.64)

is called equivalence transformation, in which e(t) and x(t) are vector spaces and P is a
non-singular real matrix.

The new vector space e(t) is composed of the square roots of the energy in the
storage elements, which can be generically defined by

e(t) =


ε1
√
E1√
2 . . . 0

... . . . ...
0 · · · εj

√
Enc√

2

 , (3.65)
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in which Enc represents a storage element. By taking (3.64), matrix P is written as

P = Γ(e(t) · x(t)−1), (3.66)

which gives

P =


Γ
√
E1√
2 . . . 0

... . . . ...
0 · · · Γ

√
Enc√

2

 . (3.67)

Matrix P is used to obtain new state-space matrices related to the new vector
space e(t). Also, Γ is a correction factor that is going to be explained subsequently. In
this sense, a new state-space model is described by

ė(ωt) = AI [Rl,Lm,Cn,Dl,Mm,Kn,Ma,m,Na,n,Za,l,ω]e(ωt) + BI

...
ė(ωt) = Ak [Rl,Lm,Cn,Dl,Mm,Kn,Ma,m,Na,n,Za,l,ω]e(ωt) + Bk

(3.68)

y(ωt) = CI [Vin,Iin,Fin,Zin,Pin,Qin,Rl,Lm,Cn,Dl,Mm,Kn,Ma,m,Na,n,Za,l,ω]e(ωt) + DI

...
y(ωt) = Ck [Vin,Iin,Fin,Zin,Pin,Qin,Rl,Lm,Cn,Dl,Mm,Kn,Ma,m,Na,n,Za,l,ω]e(ωt) + Dk,

(3.69)

in which,
Ak = 1

ω
PAkP−1, (3.70)

Bk = 1
ω

PBk, (3.71)

Ck = CkP−1 (3.72)

and
Dk = Dk. (3.73)

Lemma 1. The multiplication of the state and input matrices from a generic
state-space model in (3.5) and (3.6) by a linear operator, proportionally modifies the in-
dependent variable of the derivative operator and the argument of the related function.

The proofs of Lemmas and Theorems are in the Appendix B.
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A new vector space for the state-space model is defined as

e(t) =



x1
√
K1√
2 0 0 0 0 0

0 x2
√
M1√
2 0 0 0 0

0 0 x3
√
K2√
2 0 0 0

0 0 0 x4
√
M2√
2 0 0

0 0 0 0 x5
√
Na1√

2 0
0 0 0 0 0 x6

√
Co√
2


. (3.74)

First, matrix P is equated as

P =



√
K1√
2 0 0 0 0 0

0
√
M1√
2 0 0 0 0

0 0
√
K2√
2 0 0 0

0 0 0
√
M2√
2 0 0

0 0 0 0
√
Na1√

2 0
0 0 0 0 0

√
Co√
2


. (3.75)

By using (3.71), the following equation is obtained as

B =



0
−

√
M1√

2ωα1(M1+Ma1γ2
1)

0
0
0
0


. (3.76)

It is necessary to check matrix B in order to ensure that all terms are 0 or 1 to
normalize the system in relation to the input source. It can be seen in (3.76) that there
is a term different from 0 or 1. In this case, the correction factor Γ is used to normalize
the system as

Γ = b−1

Uo
, (3.77)

in which, b is the term in Bk that is different from 0 or 1. If all terms in Bk are 0 or 1,
then b = 1. In addition, Uo is the amplitude of the input source, which automatically
normalizes the system in relation to the input.

So, from (3.76) and (3.77), the correction factor is given by

Γ =
√

2ωα1(M1 +Ma1γ
2
1)√

M1Vin
. (3.78)

In order to normalize the system in relation to the input source, the output vector
y(t) is composed of any system variable divided by the input current peak value Iin, input
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voltage peak value Vin, input force peak value Fin, input displacement peak value Zin,
input acoustic sound pressure peak value Pin or input acoustic sound velocity peak value
Qin. In this case, the input is a electrical source, which leads to the following:

y(t) =
[x1ω

Iin
,

x2

Iin
,

x3ω

Iin
,

x4

Iin
,

x5

Vin
,

x6

Vin

]T
, (3.79)

In (3.79), x2 and x3 are parameterized by the input current due to analogy velocity-
current. x1 and x3 are related to displacements, so they should be parameterized by
velocity dx1(ωt)/dt = df1(ωt)/dt = ωf2(ωt) and dx3(ωt)/dt = df1(ωt)/dt = ωf2(ωt),
being f1(ωt) and f2(ωt) any input functions. By considering f2(ωt) as z1(ωt) or z2(ωt),
the displacements are parameterized by ω/Iin.

At this point, P is equated again by means of (3.66). By using (3.70)-(3.73), the
new state-space models are found by:

A =



0
√
K1√
M1ω

0 0 0 0
−

√
K1M1

(M1+γ2
1Ma1)ω − (D1+γ2

1Za1)
(M1+γ2

1Ma1) 0 0 −
√
M1γ1√

Na1(M1+γ2
1Ma1)ω 0

0 0 0
√
K2√
M2ω

0 0
0 0 −

√
K2√
M2ω

− D2
M2ω

− 1√
M2Na1γ2ω

− α2√
M2Coω

0 γ1√
M1Na1ω

0 − 1√
M2Na1γ2ω

0 0
0 0 0 α2√

M2Coω
0 − 1

ReqCoω


,

(3.80)

B =
[
0 − 1

Vin
0 0 0 0

]T
, (3.81)

C=



−VinI−1
in

√
M1α

−1
1√

K1(M1+Ma1γ2
1) 0 0 0 0 0

0 −VinI−1
in α

−1
1

(M1+Ma1γ2
1)ω 0 0 0 0

0 0 −VinI−1
in

√
M1α

−1
1√

K2(M1+Ma1γ2
1) 0 0 0

0 0 0 −VinI−1
in

√
M1α

−1
1√

M2(M1+Ma1γ2
1)ω 0 0

0 0 0 0 −
√
M1α

−1
1√

Na1(M1+Ma1γ2
1)ω

0

0 0 0 0 0 −
√
M1α

−1
1√

Co(M1+Ma1γ2
1)ω


(3.82)

and
D =

[
0
]

6×1
. (3.83)

At this point, the system is normalized by the input and the frequency. However,
the system is dependent of real system parameters. This configuration is suitable to
convert the terms of the matrices into unit-less terms. For this purpose, the decomposition
into unit-less parameters scheme for multiphysics networks is going to applied into the
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system.

3.4.3 Decomposition into unit-less parameters

By following the defined axioms in the previous subsections, the unit-less parame-
ters for the system under study are going to be extracted. Note that Cin is omitted in the
decomposition because it is connected in parallel to a voltage source, which means that it
does not change the dynamic of the system. The decomposition into unit-less parameters
scheme for the system is depicted in Figure 3.8.

Figure 3.8 – Decomposition into unit-less parameters for the multiphysical model.
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The system has 7 storage elements (M1, K1, M2, K2, Ma1, Na1 and Co), which
means that 6 unit-less parameters related to normalized resonant frequencies and gains
should be extracted (Axiom 9 ). The system has two mass and two stiffness. In this case,
by following Axiom 1, the normalized mechanical resonant frequencies are described as

Ω1 = ω1

ω
(3.84)

and
Ω2 = ω2

ω
, (3.85)

in which,

ω1 =
√
K1√
M1

(3.86)

and
ω2 =

√
K2√
M2

. (3.87)

The combination of Co and M2 generates one electro-mechanical gain Λ1 (Axiom
4 ):

Λ1 = ω3

ω
, (3.88)
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being
ω3 = 1√

M2Co
. (3.89)

The system has one normalized acoustical resonant frequency O1 based on the
acoustical mass and compliance (Axiom 3 ):

O1 = ω4

ω
, (3.90)

being
ω4 = 1√

Ma1Na1
. (3.91)

By following Axiom 5, the mechanical mass M1 and M2 are combined to the
acoustical compliance Na1 to generate the mechanical-acoustic gains U1 and U2:

U1 = ω5

ω
(3.92)

and
U2 = ω6

ω
, (3.93)

in which,
ω5 = 1√

M1Na1
(3.94)

and
ω6 = 1√

M2Na1
. (3.95)

The system has one electrical resistance as load Req and one acoustical friction Za1.
This means that two quality factors are extracted (Axiom 10 ). The acoustical quality
factor Qa is given by

Qa = 1
Za1Na1ω4

= Ma1ω4

Za1
. (3.96)

The electrical quality factor Qel is

Qel = CoReqω2 = Req

M2ω2
. (3.97)

The combination of M1, K1 and D1 generates the damping factor ζ1. The combi-
nation of M2, K2 and D2 generates the damping factor ζ2. The two damping factors are
extracted based on Axiom 11 :

ζ1 = D1

2
√
M1K1

= D1

2M1ω1
, (3.98)

and
ζ2 = D2

2
√
M2K2

= D2

2M2ω2
. (3.99)
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The transfer power ratio is given by (Axiom 14 ):

TPOT = 1
a

= ReqIin
Vin

, (3.100)

being a the inverse transfer power ratio.

3.4.4 Normalized state-space model based on unit-less parameters

By means of (3.84)-(3.100), the real system terms in (3.80)-(3.83) are converted
into unit-less terms by mathematical operations. The state-space model based on unit-less
parameters is described in a generic way by

ė(ωt) = EI [Aj ,Ωι,OjΛκ,Uκ,Qmech,Qel,Qa,ζh,SV,I ,TPOT ]e(ωt) + FI

...
ė(ωt) = Ek [Aj ,Ωι,OjΛκ,Uκ,Qmech,Qel,Qa,ζh,SV,I ,TPOT ]e(ωt) + Fk

(3.101)

y(ωt) = GI [Aj ,Ωι,OjΛκ,Uκ,Qmech,Qel,Qa,ζh,SV,I ,TPOT ]e(ωt) + HI

...
y(ωt) = Gk [Aj ,Ωι,OjΛκ,Uκ,Qmech,Qel,Qa,ζh,SV,I ,TPOT ]e(ωt) + Hk,

(3.102)

in which, Ek is the unit-less state matrix, Fk is the unit-less input matrix, Gk is the unit-
less output matrix and Hk is the unit-less transmission matrix. The unit-less matrices for
the system under study is given by:

E =



0 Ω1 0 0 0 0
− Ω1O2

1
(O2

1+γ2
1U

2
1 ) −

(2ζ1Ω1O2
1QaO1U2

1 γ
2
1)

Qa(O2
1+γ2

1U
2
1 ) 0 0 − U1O2

1γ1
(O2

1+γ2
1U

2
1 ) 0

0 0 0 Ω2 0 0
0 0 −Ω2 −2ζ2Ω2 −U2

γ2
−Λ1α2

0 U1γ1 0 −U2
γ2

0 0
0 0 0 Λ1α2 0 − Ω2

Qel


, (3.103)

F =
[
0 1 0 0 0 0

]T
, (3.104)
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G=



−Ω2U2
1O

2
1Qela

Ω1U2
2α1(O2

1+γ2
1U

2
1 ) 0 0 0 0 0

0 −Ω2U2
1O

2
1Qela

U2
2α1(O2

1+γ2
1U

2
1 ) 0 0 0 0

0 0 −U1O2
1Qela

U2α1(O2
1+γ2

1U
2
1 ) 0 0 0

0 0 0 −Ω2U1O2
1Qela

U2α1(O2
1+γ2

1U
2
1 ) 0 0

0 0 0 0 −U1O2
1

α1(O2
1+γ2

1U
2
1 ) 0

0 0 0 0 0 −Λ1U1O2
1

U2α1(O2
1+γ2

1U
2
1 )


(3.105)

and
H =

[
0
]

6×1
. (3.106)

Theorem 1. A generic system described by a state-space model x(t) = Ax(t)+Bu
and y(t) = Cx(t) + Du can be represented as a dimensionless model normalized by the
input source and the operating frequency by using the transfer power ratio and the reso-
nance among the storage elements.

In order to solve the normalized model, a parameter sweep is performed in some of
the unit-less parameters while others are defined. The frequency response of the system
can be obtained by means of a mathematical software by solving the state-space matrices.
The system was solved for different sets of unit-less parameters. The idea is to provide
graphics based on the voltage gain as function of the normalized operating frequency.
The voltage gain can be related to the gain in dB and to the transfer power ratio by the
following relation:

V oltage gain =
√
TPOT = 1√

a
= 10

Gain(dB)
20 . (3.107)

The normalized gain curves for the developed model are shown in Figure 3.9 and in
Figure 3.10. Figures 3.9(a)-(b) depict the theoretical result for different values of damping
ζ1,2. It can be seen that the lower the damping, higher is the voltage gain. The higher
the coupling factors γ1,2, higher the voltage gain, as shown in Figures 3.9(c)-(d). The
comparison between quality factors shows the higher gain for Qel = 10 in Figures 3.9(a)-
(d). The influence of the electromechanical gain Λ1 is realized in Figures 3.9(e)-(f), in
which the higher Λ1, higher the voltage gain. The maximum voltage gain is obtained
when the normalized operating frequency is 1.0, which means that, for the chosen set
of parameters, the predominant frequency is the operating frequency of the piezoelectric
transducers. In Figure 3.9 and Figure 3.10, the system was evaluated considering Ω1,2 =
1.0, Λ1 = 0.29 (except in Figures 3.9(e)-(f)), 1/U1,2 = 0.01, Qa = 38 × 1010 and 1/O1 =
0.0002 (except in Figure 3.10).

Figure 3.10 aims to evaluate the influence of O1 in the system. It can be seen
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that for low values of 1/O1, the resonant frequency of the system is ruled by the reso-
nant frequency of the piezoelectric transducers Ω1,2 (note curves in blue and cyan). This
means that, if 1/O1 is sufficiently low when compared to the piezoelectric transducers
frequency, the acoustical resonant frequency does not interfere in the system’s predomi-
nant frequency. This is an important result because it highlights a condition in which the
acoustic resonant frequency does not have huge impact in the transducers frequency.
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Figure 3.9 – Normalized gain curves for the multiphysical model based on lumped para-
meters (Voltage gain as function of the normalized operating frequency): (a)
Qel = 1.0 for different values of ζ1,2. (b) Qel = 10 for different values of ζ1,2.
(c) Qel = 1.0 for different values of γ1,2. (d) Qel = 10 for different values of
γ1,2. (e) ζ1,2 = 0.01 for different values of Λ1. (f) ζ1,2 = 0.05 for different
values of Λ1.
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Figure 3.10 – Normalized gain curves for the multiphysical model based on lumped para-
meters (Voltage gain as function of the normalized operating frequency): (a)
Qel = 0.1 for different values of O1. (b) Qel = 1.0 for different values of O1.
(c) ζ1,2 = 0.1 for different values of O1. (d) ζ1,2 = 0.3 for different values of
O1. (e) Λ1 = 0.01 for different values of O1. (f) Λ1 = 0.03 for different values
of O1.
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3.5 EQUIVALENT ELECTRICAL MODEL

It is possible to derive an equivalent electrical model for the multiphysical model
shown in Section 3.3. The equivalent electrical model replaces the mechanical and acous-
tical lumped components by equivalent electrical components. The equivalent electrical
model can be used in SPICE simulation software.

The equivalent electrical model is shown in Figure 3.11.

Figure 3.11 – Equivalent electrical model.

Cin Co Req

α1 γ1 γ2 α2

L1 C1 R1 La Ra

Ca

L2 C2 R2
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Source: Author.

The model replaces the mechanical mass M1 and M2 by inductors L1 and L2.
Mechanical stiffness K1 and K2 are replaced by capacitors C1 and C2 and mechanical
dampers D1 and D2 by resistances R1 and R2. The acoustical mass Ma1, acoustical
friction Za1 and acoustical compliance Na1 are substituted by inductor La, resistance Ra

and capacitor Ca, respectively.
The conversion between multiphysical and electrical models is performed by equa-

ting: M1,2 = L1,2, K1,2 = 1/C1,2, D1,2 = R1,2, Ma1 = La, Na1 = Ca and Za1 = Ra. In the
same way the multiphysical model was represented by a state-space model, the electrical
model is represented by the following:

x(t) = [iL1 , iL2 , vC1 , vC2 , vCa , vCo ]T , (3.108)

u(t) = Vin sin(ωt), (3.109)

A =



− R1+γ2
1Ra

(L1+γ2
1La) 0 − 1

(L1+γ2
1La) 0 − γ1

(L1+γ2
1La) 0

0 −R2
L2

0 − 1
L2

− 1
γ2L2

−α2
L2

1
C1

0 0 0 0 0
0 1

C2
0 0 0 0

γ1
Ca

− 1
γ2Ca

0 0 0 0
0 α2

Co
0 0 0 − 1

ReqCo


, (3.110)
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B =



1
α1(L1+γ2

1La)

0
0
0
0
0


, (3.111)

y(t) = [iL1 , iL2 , vC1 , vC2 , vCa , vCo ]T , (3.112)

C =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


(3.113)

and
D =

[
0
]

6×1
, (3.114)

in which, iL1 and iL2 are the inductor currents, and vC1 , vC2 , vCa and vCo are the capacitor
voltages.

3.6 PIEZOELECTRIC TRANSFORMER MODEL

Another proposed model for the system is the piezoelectric transformer model
(PZT model). It is well-know the representation for piezoelectric transformers based on a
resonant circuit and an ideal transformer (ALONSO; ORDIZ; COSTA, 2008; BISOGNO,
2006).

The piezoelectric transformer has an electrical input and an electrical output, which
is the same case as the electro-mechanical-acoustic CET system. The main idea is to
synthesize the equivalent electrical model into the piezoelectric transformer model. For
this purpose, the couplings between electrical-mechanical (α1), mechanical-acoustical (γ1)
and acoustical-mechanical (γ2) are removed while the coupling factors are added to the
electrical components. The piezoelectric transformer model is shown in Figure 3.12.

The model has equivalent components denoted by Lpzt, Cpzt, Rpzt and α. In addi-
tion, an equivalent input source veq replaces vin. The state-space representation for the
piezoelectric transformer model is given as:

x(t) =
[
iLpzt , vCpzt , vCo

]T
, (3.115)
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Figure 3.12 – Piezoelectric transformer model.
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Source: Author.

u(t) = Vin sin(ωt), (3.116)

A =


−Rpzt
Lpzt

− 1
Lpzt

− α
Lpzt

− 1
Cpzt

0 0
α
Co

0 − 1
ReqCo

 , (3.117)

B =


1

Lpzt

0
0

 , (3.118)

y(t) =
[
iLpzt , vCpzt , vCo

]T
, (3.119)

C =


1 0 0
0 1 0
0 0 1

 (3.120)

and
D =

[
0
]

3×1
, (3.121)

in which, iLpzt is the inductor current, and vCpzt and vCo are the capacitor voltages.
The parameters are obtained by the following relationships:

Lpzt = L1

γ2
1γ

2
2

+ La
γ2

2
+ L2, (3.122)

Cpzt = 1
1

L1C1
( L1
γ2

1γ
2
2

+ La
γ2

2
+ L2)

, (3.123)

Rpzt = R1

γ2
1γ

2
2

+ Ra

γ2
2

+R2, (3.124)

veq = vin
α1γ1γ2

(3.125)
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and
α = α2. (3.126)

In order to show that the models have good agreement to each other, the theoretical
frequency responses of the models are compared as shown in Figure 3.13. The parameters
for the multiphysical model are represented in Table 3.3 and Table 3.4. The parameters
for the electrical and piezoelectric models are calculated based on the multiphysical model.

Figure 3.13 – Voltage gain (dB) as function of frequency (Hz) for different models.
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Source: Author.

3.7 AUGMENTED-ORDER MULTIPHYSICAL MODEL BASED ON LUMPED PA-
RAMETERS

Until this part of the Thesis, a multiphysical model based on lumped parameters,
an equivalent electrical model and a piezoelectric transformer model were presented as
mathematical representation for the electro-mechanical-acoustic CET system. Realizing
that the electrical and piezoelectric transformer models are actually derived from the
multiphysical model. In addition, a normalization procedure for multiphysics networks
was applied into the multiphysical model.

In later chapters of this work, it is going to be shown that the models have good
agreement with the experimental results. However, especially for low frequencies, the
models can be improved in order to increase the matching between experimental and
theoretical results. In this sense, an augmented-order model is proposed in this section.

The main idea is to enhance the multiphysical model based on lumped parameters
by means on an iterative process of checking the analytical model compared to the res-
ponse of the real physical system. In other words, the aforementioned multiphysical model
is considered as an analytical model. After the analytical model is developed, its validity
is checked by evaluating the experimental response of the system. Based on this evalua-
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tion, it is interesting to detect the parts of the model that should be improved. In this
case, an improved model can be developed, which can be considered as a semi-analytical
model.

The proposed model in this section is developed by increasing the order of the
system aiming to obtain a higher degree of freedom that enables to amplify or attenuate
parts of the system’s frequency response. The augmented-order model is built by inserting
networks on the acoustic network. The proposed model is depicted in Figure 3.14.

Figure 3.14 – Augmented-order multiphysical model based on lumped parameters.
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One can see that 6 new equivalent acoustical components were added to the mul-
tiphysical model: mass Ma2, friction Za2, compliance Na2, mass Ma3, friction Za3 and
compliance Na3. This leads to new system variables denoted by q2, q3, pa1, pa2 and pa3.
The order of the system is increased from 6 to 10.

The state-space representation is given by:

x(t) = [x1, x2, x3, x4, x5, x6, x7, x8, x9, x10]T , (3.127)

u(t) = Vin sin(ωt), (3.128)

A =



0 1 0 0 0 0 0 0 0 0
−K1

M1+Ma1γ12
−D1+Za1γ12

M1+Ma1γ12 0 0 −γ1
M1+Ma1γ12 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0
0 0 −K2

M2
−D2
M2

0 0 −1
M2γ2

0 0 −α2
M2

0 γ1
Na1

0 0 0 0 0 −1
Na1γ2

0 0
0 0 0 0 0 0 0 1

Na2
−1
Na2

0
0 0 0 −1

γ2Na3
0 0 0 0 1

Na3
0

0 0 0 0 1
Ma2

−1
Ma2

0 −Za2
Ma2

0 0
0 0 0 0 0 1

Ma3
−1
Ma3

0 −Za3
Ma3

0
0 0 0 α2

Co
0 0 0 0 0 −1

ReqCo



,

(3.129)
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B =



0
− 1
α1(M1+Maγ12)

0
0
0
0
0
0
0
0



, (3.130)

y(t) = [x1, x2, x3, x4, x5, x6, x7, x8, x9, x10]T , (3.131)

C =



1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1



(3.132)

and
D =

[
0
]

10×1
. (3.133)

In order to equate the new components, angular resonant frequencies ωa2 and ωa3

are described as
ωa2 = 1√

Ma2Na2
(3.134)

and
ωa3 = 1√

Ma3Na3
. (3.135)

ωa2 and ωa3 are related to the angular acoustical resonant frequency of the mul-
tiphysical model ωa1, which is defined as

ωa1 = 1√
Ma1Na1

. (3.136)

The relation bewteen ωa1 and ωa2, and between ωa1 and ωa3, are performed based
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on constants w1 and w2:
ωa2 = w1ωa1 (3.137)

and
ωa3 = w2ωa3. (3.138)

By allocating w1 and w2 in a desirable way to enhance the model based on a
previous comparison between the multiphsyical model and the experimental response of
the system, Na2 and Na3 can be calculated as

Na2 = 1
ω2
a2Ma2

(3.139)

and
Na2 = 1

ω2
a3Ma3

, (3.140)

in which Ma1 = Ma2 = Ma3. In addition, Za1 = Za2 = Za3.

3.8 DENORMALIZATION PROCEDURE

The normalized results are interesting because they show a general behavior of the
system. However, it is necessary to retrieve the real system parameters in order to link
the normalized results with the physical system. This process is called denormalization.

For this purpose, this section presents the relationships among unit-less, electro-
mechanical, acoustical, transfer media and piezoelectric parameters.

Equations (3.84)-(3.100), are mathematically re-arranged to retrieve the system
parameters. The piezoelectric parameters are described by: piezoelectric stiffness cE33,
piezoelectric coupling constant eE33, permittivity of the piezoelectric layer εE33, piezoelectric
component area Ar and piezoelectric component thickness tp.

The transfer media parameters are composed of the material density ρ, wave velo-
city CL, material friction coefficient µL, length l and radius R.

The relationships among unit-less, electromechanical, piezoelectric, equivalent acous-
tical and transfer media parameters are described in Table 3.7.
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Table 3.7 – Relationships among unit-less, electromechanical, piezoelectric, acoustical and
transfer media parameters.

Electromechanical Piezoelectric Acoustical Transfer media Unit-less
M1 M1 - - Ω2U2

2Req
Λ2

1U
2
1Qelω

M2 M2 - - Ω2Rel
Λ2

1Qelω

K1
cE33Ar

tp
- - Ω2

1Ω2U2
2Relω

Λ2
1U

2
1Qel

K2
cE33Ar

tp
- - Ω3

2Relω

Λ2
1Qel

D1 D1 - - 2ζ1
Ω1Ω2U2

2Rel
Λ2

1U
2
1Qel

D2 D2 - - 2ζ2
Ω2

2Rel
Λ2

1Qel

Co
εE33Ar
tp

- - Qel
Ω2Reqω

A√
K1Cin

eE33√
cE33ε

E
33

- - α1

A√
K2Co

eE33√
cE33ε

E
33

- - α2

- - Ma1
πR2

ρl

Ω2U2
2Rel

Λ2
1O

2
1Qelω

- - Na1
V ol
CL

2ρ

Λ2
1Qel

Ω2U2
2Relω

- - Za1
πR4

8µLl
Ω2U2

2Rel
Λ2

1O1QaQel

- - - πr2

πR2 γ1

- - - πr2

πR2 γ2

An important question related to the normalized model is: how the normalized
gain curves can be used to design an electro-mechanical-acoustic CET system? The idea
is that, by considering an application that requires some specifications, it is possible to
use the normalized curves to determine which are the possible system’s configurations
that result on the project requirements.

For example, let us consider an application in which it is desirable to transfer
energy through a cylindrical aluminium media and it is aimed to find the length and the
diameter of the media and, the mass, the stiffness, the dampers and the capacitances of the
piezoelectric transducers. The specifications for the example are described in Table 3.8.
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Table 3.8 – Design specifications for the example of denormalization procedure.

Parameter Value
Input voltage, Vin 13V (peak-to-peak)
Output voltage, Vo 8V (peak-to-peak)
Output power, Po 500mW

Operating frequency, f 800 kHz
Piezoelectric component radius, r 0.01m

Aluminium density, ρ 2710 kg ·m−3

Wave velocity, CL 6300m · s−1

Friction coefficient, µL 1.2m · Pa s

Source: (ROSE, 2014; CHENG et al., 2014).

The targets are:

• Find a suitable normalized gain curve for the required voltage transfer;

• Find the required transfer media geometry, length l and radius R;

• Find the piezoelectric mass M1 and M2;

• Find the piezoelectric stiffness K1 and K2;

• Find the piezoelectric dampers D1 and D2;

• Find the piezoelectric capacitances Cin and Co.

For this example, the normalized gain curve depicted in Figure 3.15 is going to
be used. The gain curve relates the voltage gain to the normalized operating frequency.
The operating frequency is the AC input source frequency that drives the piezoelectric
transmitter.

Step 1: Calculate the required gain.
First, it is necessary to calculate the required gain based on the specifications as

Gain = Vo
Vin

= 0.615. (3.141)

Step 2: Calculate output load.
The output load Req can be calculate based on the output voltage and power:

Req = V 2
orms

Po
= 16 Ω. (3.142)
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Figure 3.15 – Voltage gain as function of normalized operating frequency.

0.80 0.85 0.90 0.95 1.00 1.05 1.10 1.15 1.20
0.0

0.2

0.4

0.6

0.8

1.0

Normalized operating frequency

V
o
lt
a
g
e
g
a
in

Λ1=0.01 Λ1=0.02 Λ1=0.03

α1,2=0.044 γ1,2=0.44 Qel=1.0
1

O1
=0.0002 ζ1,2=0.01 U1,2=100

Source: Author.

Step 3: Find the unit-less parameters on the normalized gain curve.
Based on the gain, it is necessary to look at the normalized gain curve, in this case,

shown in Figure 3.15, and choose the set of unit-less parameters that ensures the required
gain.

In Figure 3.15, it is shown the voltage gain as function of the normalized opera-
ting frequency for different values of Λ1 and fixed values of α1,2, γ1,2, Qel, 1/O1, ζ1,2 and
U1,2. The only curve that can achieve the required gain is the curve related to Λ1 = 0.03
(green). In addition, it is necessary to select the frequency for the desired gain, in this
case, it is close to 1.00. This means that Ω1,2 = 1.0 because the system’s predominant
frequency can be set as the piezoelectric transducers frequency (Ω1,2).

Step 4: Calculate the radius of the transfer media.
By knowing the mechanical-acoustic and acoustic-mechanical coupling factors, γ1

and γ2, it is possible to calculate the radius of the cylindrical aluminium media based on
the relation between transfer media and unit-less in the last two equations in Table 3.7:

R =

√√√√ πr2

πγ1,2
= 0.015m. (3.143)

Step 5: Calculate the length of the transfer media.
The length l of the transfer media can be calculated based on relation between
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transfer media and unit-less related to the equivalent acoustical mass Ma1 in Table 3.7:

l = πR2Λ2
1O

2
1Qelω

ρΩ2U2
2Req

= 0.18m, (3.144)

in which, ω = 2πf .

Step 6: Calculate mechanical mass M1 and M2.
The piezoelectric components mass can be calculated based on the two first equa-

tions in Table 3.7:
M1 = Ω2U

2
2Req

Λ2
1U

2
1Qelω

= 0.00353 kg (3.145)

and
M2 = Ω2Req

Λ2
1Qelω

= 0.00353 kg. (3.146)

Step 7: Calculate the mechanical stiffness K1 and K2.

K1 = Ω2
1Ω2U

2
2Relω

Λ2
1U

2
1Qel

= 8.93× 1010N ·m−1 (3.147)

and
K2 = Ω3

2Relω

Λ2
1Qel

= 8.93× 1010N ·m−1. (3.148)

Step 8: Calculate the mechanical dampers D1 and D2.

D1 = 2ζ1
Ω1Ω2U

2
2Rel

Λ2
1U

2
1Qel

= 355.556N · s ·m−1 (3.149)

and
D2 = 2ζ2

Ω2
2Rel

Λ2
1Qel

= 355.556N · s ·m−1. (3.150)

Step 9: Calculate the capacitances Cin and Co. Finally, the piezoelectric capacitances
are calculated as:

Cin,o = Qel

Ω2Reqω
= 12nF. (3.151)

The designed system in the proposed example is summarized in Table 3.9:
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Table 3.9 – Designed system based on the normalized model.

Parameter Value
Input voltage, Vin 13V (peak-to-peak)
Output voltage, Vo 8V (peak-to-peak)
Output power, Po 500mW

Load, Req 16 Ω
Operating frequency, f 800 kHz
Transfer media length, l 0.18m
Transfer media radius, R 0.015m

Piezoelectric component radius, r 0.01m
Piezoelectric mass, M1,2 0.00353 kg

Piezoelectric stiffness, K1,2 8.93× 1010N ·m−1

Piezoelectric dampers, D1,2 355.556N · s ·m−1

Piezoelectric capacitances, Cin,o 12nF

The system can also be designed considering additional normalized gain curves.
In addition, it is possible to find other parameters rather than the ones mentioned in
the example. For instance, the piezoelectric parameters can be used as input while the
material (density and wave velocity), length and radius of the transfer media can be set
as target to be found based on the unit-less parameters in the normalized gain curves.

The normalized model allows the normalized gain curves as design charts, which
leads to a high flexibility regarding the system’s design flow. In other words, it is an
useful tool when the general behavior of the system is known but it is difficult to know
in advance, all the real parameters of the system.
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3.9 CONCLUSION

In this chapter, the modeling of the electro-mechanical-acoustic CET system was
presented. The proposed model is based on multiphysics networks. In a first moment,
the main building blocks were presented, which are lumped components that represent
the elements of acoustical, electrical and mechanical systems.

The proposed analytical model was analyzed by means of a state-space representa-
tion based on the Kirchhoff’s Circuit Laws and the Newton’s Laws of Motion. The model
includes the properties of the piezoelectric transducers and the geometry and properties
of the material of the transfer media.

A decomposition into unit-less parameters for multiphysics networks was proposed
in this chapter. Axioms were described in order to define the rules to extract the unit-less
parameters based on the multiphysical representation of the system. The normalized mo-
del based on unit-less parameters is able to show the behavior of the system independently
of specifications, such as input voltage, power, output voltage and operating frequency,
and independently of the real system parameters. In this sense, several normalized gain
curves were presented in this chapter.

An equivalent electrical model was introduced, which is suitable for SPICE si-
mulation. In addition, a model based on a piezoelectric transformer was presented and
compared to the other models.

In this chapter, an augmented-order multiphysical model based on lumped para-
meters was provided. The idea is to increase the order of the system aiming to obtain a
higher degree of freedom that enables to amplify or attenuate parts of the system’s fre-
quency response. Finally, relationships among unit-less, electromechanical, piezoelectric,
acoustical and transfer media parameters were developed.



4 ANALYSIS ANDDESIGN OF THEMULTIPHYSICAL SYS-
TEM BASED ON RESONANT TOPOLOGIES

In this Chapter, the analysis and design of the multiphysical system based on
resonant topologies are going to be presented. The idea is that the electro-mechanical-
acoustic CET system is an electrical two-port system in which an AC signal supplies the
ultrasound transmitter and an AC signal is generated from the ultrasound receiver. In
this sense, an inverter can be used to generate the AC signal for the transmitter and a
rectifier can be used to adequate the AC signal from the receiver in order to obtain a DC
signal to supply a load. As long as the inverter’s input is a DC source, the overall system
is a DC-DC converter in which an AC-AC conversion is also performed. In other words,
the system can be understood as a DC-AC-AC-DC converter (indirect DC-DC converter).

As shown in the previous chapter, the system can be represented by lumped com-
ponents. This means that they can be also converted into equivalent electrical components
that can be connected to the inverter and the rectifier. The matching among the mul-
tiphysical, electrical and piezoelectric transformer models allows to represent the system
by any of these models.

The piezoelectric transformer model has the disadvantage of omitting the real
system parameters for the mechanical and acoustical domains. However, it is suitable
to be connected to other electrical systems due to its low amount of components when
compared to the multiphysical model.

Resonant converters are interesting in such applications because the piezoelectric
transformer model derived from the multiphysics network can be used as part of the
resonant tank. Furthermore, the resonant topologies can achieve high efficiency by means
of soft-switching operation conditions.

This Chapter proposes an approach to represent the electro-mechanical-acoustic
CET system based on resonant topologies. After achieving the equivalent electrical repre-
sentation based on the DC-DC topology, the Class-E2 converter is analyzed by means of
the normalized state-space models based on unit-less parameters. In addition to the re-
sonant topologies, voltage multipliers are also considered. Notably, the Cockcroft-Walton
AC-DC multiplier is an interesting solution to be used as rectifier.

4.1 ELECTRO-MECHANICAL-ACOUSTIC CET BASED ON RESONANT TOPO-
LOGIES

Through-wall contactless power transfer systems are composed of a piezoelectric-
based transmitter that sends an acoustic wave through a solid material. A piezoelectric-
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based receiver catches the signal, which must be converter into a DC signal by means of
an AC-DC rectifier. A DC-AC inverter is used to supply the transmitter.

Considering a grid connected application, a low-frequency AC-DC rectifier can be
used to supply a high-frequency DC-AC inverter. A regulated DC-DC converter can
be used cascaded with the AC-DC rectifier. The electro-mechanical-acoustic contactless
energy transfer system based on resonant topology is depicted in Figure 4.1.

Figure 4.1 – Multiphysics network connected to resonant power conversion systems.
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The general block diagram is converted into a circuit topology representation. For
instance, the low-frequency AC-DC rectifier is replaced by a full-bridge rectifier. There
are many possibilities for the DC-AC inverter, like as Class-D, Class-E and full-bridge
topologies, which can include the resonant tanks: LLC, LCL, LCLC, and so on. Also,
resonant topologies can be used for the AC-DC rectifier. Notwithstanding, voltage multi-
pliers are interesting for some applications. For example, the Cockcroft-Walton multiplier
can provide DC output voltage based on small AC input voltage. The resonant topologies
have the advantage of operation in soft-switching conditions, like as zero-voltage/current
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(ZVS/ZCS) and zero-derivative (ZDS) switching (KAZIMIERCZUK; JOZWIK, 1989;
KAZIMIERCZUK; CZARKOWSKI, 1995)

In Figure 4.1, the full-bridge rectifier, the Class-D resonant inverter and the Class-
E ZVS resonant rectifier are shown as example of topologies that can be used as power
conversion circuits for the system. Furthermore, the ultrasound transmitter and receiver
have piezoelectric components as part of their structures. The piezoelectric component is
an electro-mechanical device that can be represented by lumped components, as well as
the acoustical domain represented by the finite elements network.

As mentioned before, the three domains are used to represent the system: electrical,
mechanical and acoustical. This work resorts to a model based on lumped components.
As long as the system has an electrical DC input and an electrical DC output (by dis-
regarding the grid connection), and considering that the interface between electrical and
mechanical domains is based on AC waveforms, resonant converters are suitable as topo-
logical representation for the system. However, it is necessary to include the mechanical
and acoustical domains combined with the resonant DC-AC and the resonant AC-DC
parts. In this sense, the mechanical and acoustical lumped components are converted
into electrical components.

The mechanical part of the piezoelectric component can be converted into a Ma-
son’s equivalent circuit. The acoustical components have analogies with the electrical
components, which allows to represent the acoustical part as an equivalent electrical cir-
cuit. The regulated DC-DC converter can be represented as an equivalent load for the
system. These assumptions are shown in Figure 4.1.

The goal is to analytically analyze the system in order to design the power con-
version circuitry that is compatible with the electro-mechanical-acoustic CET system.
The parameters of the multiphysical system are calculated based on the piezoelectric
transformer model shown in the previous Chapter.

It is interesting to analyze the system independently of the real system parame-
ters. It is because, by changing the system properties, like as transfer media, transducers
type and frequency, the equivalent parameters change. Therefore, this work analyzes the
system by developing its normalized state-space model, which is independent of specifi-
cations and real system parameters. Subsequently, the power conversion circuitry can be
designed by setting design specifications.

4.2 CLASS-E2 RESONANT CONVERTER

The topology under study in this section is the Class-E2 resonant converter. By
cascading a Class-E resonant DC-AC inverter to a Class-E resonant AC-DC rectifier, the
Class-E2 is obtained, which is shown in Figure 4.2(a) (KAZIMIERCZUK; JOZWIK, 1989;
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JOZWIK; KAZIMIERCZUK, 1990). By including the multiphysical system based on the
piezoelectric transformer model (PZT model), the electro-mechanical-acoustic contactless
energy transfer system driven by a resonant power conversion circuit is achieved, which
is shown in Figure 4.2(b). The symbol for the switch S represents a general switch.
However, in practical implementation, the switch must include the anti-parallel diode.

Figure 4.2 – Class-E2 resonant power conversion system. (a) Class-E2 resonant converter.
(b) Electro-mechanical-acoustic CET system based on Class-E2 topology.
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The interesting aspect of such representation is that, it is possible to design a
suitable rectifier circuit that considers the behavior of the electro-mechanical-acoustic
CET system. The converter in Figure 4.2 is composed of: input voltage source Vin, choke
inductor Lc, switch S, inverter capacitor C1, resonant inductor Lr, resonant capacitor Cr,
rectifier capacitor C2, output filter inductor Lf , output filter capacitor Cf and load RL.
The circuit variables are described as: iLc , inductor Lc current; iS, switch S current; iLr ,
inductor Lr current; iD, diode D current; iLf , inductor Lf current; io, output current;
vS, switch S voltage; vC1 , capacitor C1 voltage; vCr , capacitor Cr voltage; vD, diode D
voltage; vC2 , capacitor C2 voltage; vCf , capacitor Cf voltage and Vo, output voltage. The
equivalent model of the multiphysical system includes three capacitors and one inductor
that topologically match with C1, Lr, Cr and C2. As long as there is a transformation
ratio, it can be represented by a transformer model which includes a resistor r1 that
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matches with the resistor in the Mason’s equivalent circuit. The transformer relationships
are given by:

α = v1

v2
= i2
i1

= n1

n2
=
√
L1√
L2
, (4.1)

in which, α is the transformation ratio related to n1/n2 turns, v1 is the primary
side voltage, i1 is the primary side current, v2 is the secondary side voltage, i2 is the
secondary side current and L1 and L2 are the associated inductors.

The main features of the Class-E2 resonant converter are the switch S zero-voltage
switching and the diode D zero-derivative voltage switching. In this sense, the modeling
approach is going to be conducted by considering the following assumptions:

1. The input voltage source Vin and the input choke inductor Lc are replaced by a
constant current source Iin;

2. The output filter Lf −Cf and the load RL are replaced by a constant current source
Io;

3. The switch S and diode D off states are modeled as a open-circuit;

4. The switch S and diode D on states are modeled as a short-circuit;

5. The transformer is considered as an ideal component.

Assumptions 1 and 2 are useful in order to reduce the number of reactive compo-
nents, which reduces the order of the system. This leads to a system that is easier to
be analytically solved. Subsequently, Vin, Lc, Lf , Cf and RL can be retrieved from the
analysis.

The model for the converter is portrayed in Figure 4.3:

Figure 4.3 – Class-E2 resonant DC-DC converter model.
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The converter has four operating modes. Mode I occurs from 0 to T1, being T1

the angle that the mode ends. At this mode, S is on and D is off. The circuit for mode
I is shown in Figure 4.4.
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Figure 4.4 – Class-E2 resonant converter - Operating mode I: S on and D off.
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The converter is ruled by the following differential equations:

diLr(t)
dt

= −vCr(t)
Lr

− αvC2(t)
Lr

, (4.2)

dvCr(t)
dt

= iLr(t)
Cr

, (4.3)

dvC1(t)
dt

= 0 (4.4)

and
dvC2(t)
dt

= α
iLr(t)
C2

− Io
C2
. (4.5)

At mode II, S is on and D is on. The mode occurs from T1 to Dc2π, being Dc the
switch S duty cycle. The circuit is shown in Figure 4.5.

Figure 4.5 – Class-E2 resonant converter - Operating mode II: S on and D on.

Iin

Lr CriLr

vCr

i1 i2

Io
v1 v2

Source: Author.

The following equations are considered:

diLr(t)
dt

= −vCr(t)
Lr

, (4.6)

dvCr(t)
dt

= iLr(t)
Cr

, (4.7)
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dvC1(t)
dt

= 0 (4.8)

and
dvC2(t)
dt

= 0. (4.9)

At mode III, S is off and D is on. The mode occurs from Dc2π to T2, being T2

the angle in which the mode ends. The circuit is shown in Figure 4.6.

Figure 4.6 – Class-E2 resonant converter - Operating mode III: S off and D on.
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The converter is governed by:

diLr(t)
dt

= vC1(t)
Lr

− vCr(t)
Lr

, (4.10)

dvCr(t)
dt

= iLr(t)
Cr

, (4.11)

dvC1(t)
dt

= Iin
C1
− iLr(t)

C1
(4.12)

and
dvC2(t)
dt

= 0. (4.13)

At mode IV , S is off and D is off. The mode ends at 2π. The circuit is shown in
Figure 4.7.

Figure 4.7 – Class-E2 resonant converter - Operating mode IV : S off and D off.
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The differential equations are:

diLr(t)
dt

= vC1(t)
Lr

− vCr(t)
Lr

− αvC2(t)
Lr

, (4.14)

dvCr(t)
dt

= iLr(t)
Cr

, (4.15)

dvC1(t)
dt

= Iin
C1
− iLr(t)

C1
(4.16)

and
dvC2(t)
dt

= α
iLr(t)
C2

− Io
C2
. (4.17)

4.2.1 State-space model based on real system parameters

The system is represented as a state-space model described as:

ẋ(t) = AIx(t) + BIu(t),
ẋ(t) = AIIx(t) + BIIu(t),

ẋ(t) = AIIIx(t) + BIIIu(t),
ẋ(t) = AIV x(t) + BIV u(t)

(4.18)

and
y(t) = CIx(t) + DIu(t),

y(t) = CIIx(t) + DIIu(t),
y(t) = CIIIx(t) + DIIIu(t),
y(t) = CIV x(t) + DIV u(t)·

(4.19)

The state vector x(t) is composed of the following circuit variables

x(t) = [iLr , vCr , vC1 , vC2 ]T . (4.20)

The output vector y(t) is composed of any desirable circuit variables

y(t) =
[ iLr

Iin
,

vCr

Vin
,

vC1

Vin
,

vC2

Vin
,

iS

Iin
,

iD

Iin

]T
(4.21)

and the input vector is
u(t) = [Iin, Io]T . (4.22)
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Based on (4.20), (4.21) and (4.22), the state-space matrices are described by

AI =


0 − 1

Lr
0 − α

Lr
1
Cr

0 0 0
0 0 0 0
α
C2

0 0 0

 ,BI =


0 0
0 0
0 0
0 − 1

C2

 , (4.23)

AII =


0 − 1

Lr
0 0

1
Cr

0 0 0
0 0 0 0
0 0 0 0

 ,BII =


0 0
0 0
0 0
0 0

 , (4.24)

AIII =


0 − 1

Lr
1
Lr

0
1
Cr

0 0 0
− 1
C1

0 0 0
0 0 0 0

 ,BIII =


0 0
0 0
1
C1

0
0 0

 , (4.25)

AIV =


0 − 1

Lr
1
Lr
− α
Lr

1
Cr

0 0 0
− 1
C1

0 0 0
α
C2

0 0 0

 ,BIV =


0 0
0 0
1
C1

0
0 0

 , (4.26)

CI =



1
Iin

0 0 0
0 1

Vin
0 0

0 0 1
Vin

0
0 0 0 1

Vin

− 1
Iin

0 0 0
0 0 0 0


,DI =



0 0
0 0
0 0
0 0
0 1

Iin

0 0


, (4.27)

CII =



1
Iin

0 0 0
0 1

Vin
0 0

0 0 1
Vin

0
0 0 0 1

Vin

− 1
Iin

0 0 0
− α
Iin

0 0 0


,DII =



0 0
0 0
0 0
0 0
0 1

Iin
1
Iin

0


, (4.28)

CIII =



1
Iin

0 0 0
0 1

Vin
0 0

0 0 1
Vin

0
0 0 0 1

Vin

0 0 0 0
− α
Iin

0 0 0


,DIII =



0 0
0 0
0 0
0 0
0 0
1
Iin

0


(4.29)
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and

CIV =



1
Iin

0 0 0
0 1

Vin
0 0

0 0 1
Vin

0
0 0 0 1

Vin

0 0 0 0
0 0 0 0


,DIV =



0 0
0 0
0 0
0 0
0 0
0 0


. (4.30)

4.2.2 Normalized state-space model based on real system parameters

A new vector space e(t) is defined based on the square roots of the storage energy
in the reactive components

e(t) =


iLr
√
Lr√
2 0 0 0

0 vCr
√
Cr√
2 0 0

0 0 vC1

√
C1√
2 0

0 0 0 vC2

√
C2√
2

 , (4.31)

which leads to

P = e(t) · x(t) =



√
Lr√
2 0 0 0

0
√
Cr√
2 0 0

0 0
√
C1√
2 0

0 0 0
√
C2√
2

 · (4.32)

A new input matrix is calculated as

BI = 1
ω

PBI , (4.33)

which gives

BI =


0 0
0 0
0 0
0 − 1√

2C2ω

 . (4.34)

A correction factor Γ must be equated as following:

Γ =
√

2C2ω

Iin
· (4.35)

Matrix P is equated again by means of (3.66). By using (3.70), (3.71), (3.72) and
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(3.73), the new state-space model is found by:

AI =


0 − 1√

LrCrω
0 − α√

LrC2ω
1√

LrCrω
0 0 0

0 0 0 0
α√
LrC2

0 0 0

 ,BI =


0 0
0 0
0 0
0 − 1

Iin

 , (4.36)

AII =


0 − 1√

LrCr
0 0

1√
LrCr

0 0 0
0 0 0 0
0 0 0 0

 ,BII =


0 0
0 0
0 0
0 0

 , (4.37)

AIII =


0 − 1√

LrCr

1√
LrC1

0
1√
LrCr

0 0 0
− 1√

LrC1ω
0 0 0

0 0 0 0

 ,BIII =


0 0
0 0
√
C2√

C1Iin
0

0 0

 , (4.38)

AIV =


0 − 1√

LrCrω
1√

LrC1ω
− α√

LrC2
1√
LrCr

0 0 0
− 1√

LrC1
0 0 0

α√
LrC2

0 0 0

 ,BIV =


0 0
0 0
√
C2√

C1Iin
0

0 − 1
Iin

 , (4.39)

CI =



1√
LrC2ω

0 0 0
0 Iin

Vin
√
CrC2ω

0 0
0 0 Iin

Vin
√
C1C2

0
0 0 0 Iin

VinC2ω

− 1√
LrC2

0 0 0
0 0 0 0


,DI =



0 0
0 0
0 0
0 0
0 1

Iin

0 0


, (4.40)

CII =



1√
LrC2ω

0 0 0
0 Iin

Vin
√
CrC2ω

0 0
0 0 Iin

Vin
√
C1C2ω

0
0 0 0 Iin

VinC2ω

− 1√
LrC2ω

0 0 0
− α√

LrC2
0 0 0


,DII =



0 0
0 0
0 0
0 0
0 1

Iin
1
Iin

0


, (4.41)

CIII =



1√
LrC2ω

0 0 0
0 Iin

Vin
√
CrC2ω

0 0
0 0 Iin

Vin
√
C1C2ω

0
0 0 0 Iin

VinC2ω

0 0 0 0
− α√

LrC2
0 0 0


,DIII =



0 0
0 0
0 0
0 0
0 0
1
Iin

0


(4.42)
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and

CIV =



1√
LrC2ω

0 0 0
0 Iin

Vin
√
CrC2ω

0 0
0 0 Iin

Vin
√
C1C2ω

0
0 0 0 Iin

VinC2ω

0 0 0 0
0 0 0 0


,DIV =



0 0
0 0
0 0
0 0
0 0
0 0


. (4.43)

The system is normalized in relation to the input source Iin and angular operating
frequency ω. As long as matrices BI , BII , BIII , BIV , DI , DII , DIII and DIV multiply
the input vector u(ωt), the term 1/Iin can be repositioned into u(ωt)

u(ωt) = [Iin, Io]T =
[Iin

Iin
,

Io

Iin

]T
= [1, S]T . (4.44)

It can be see that the system has two inputs, one is the normalized input current
source and the another one is the current transfer function S

S = Io
Iin
, (4.45)

which is related to the transfer power ratio TPOT and its inverse a by

S =
√
TPOT = 1√

a
, (4.46)

finally

u(ωt) =
[
1,

1√
a

]T
. (4.47)

4.2.3 Normalized state-space model based on unit-less parameters

The system in the previous subsection is still dependent on the real system para-
meters. In order to convert the inductances, capacitances and resistances into unit-less
parameters, a decomposition into unit-less parameters scheme is performed as depicted
in Figure 4.8.

The resonant frequencies ω1, ω2 and ω3 are equated as function of the reactive
components as

ω1 = 1√
LrC1

, (4.48)

ω2 = 1√
LrCr

(4.49)
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Figure 4.8 – Decomposition into unit-less parameters scheme for the Class-E2 resonant
converter.

Iin

Lr Cr

C1 C2 DS
Io

A1 A2 A3

Source: Author.

and
ω3 = 1√

LrC2
. (4.50)

The normalized resonant frequencies A1, A2 and A3 can be obtained by dividing
the resonant frequencies by the angular operating frequency ω as

A1 = ω1

ω
, (4.51)

A2 = ω2

ω
(4.52)

and
A3 = ω3

ω
. (4.53)

Based on (4.51), (4.52) and (4.53), the terms in the state and input matrices can
be converted into unit-less parameters as described as follows:

• 1√
LrCrω

(4.49)⇐⇒ ω2
ω

(4.52)⇐⇒ A2;

• α√
LrC2ω

(4.50)⇐⇒ ω3
ω

(4.53)⇐⇒ αA3;

• 1√
LrC1ω

(4.48)⇐⇒ ω1
ω

(4.51)⇐⇒ A1;

•
√
C2√
C1

×
√
Lrω√
Lrω⇐⇒

√
LrC2ω√
LrC1ω

(4.48),(4.50)⇐⇒ ω1
ω3

(4.51),(4.53)⇐⇒ A1
A3
.

In order to convert the terms of the transmission and output matrices, the input
to output relationship is used as

a = Vin
IinRL

. (4.54)
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Furthermore, the circuit quality factor can be equated as function of the reactive
components by

QL = RL

ω3Lr
= ω3C2RL. (4.55)

The terms are converted into unit-less parameters as follows:

• Iin√
CrC2Vinω

×Lr
Lr⇐⇒ LrIin√

LrCr
√
L2CrVinω

(4.49),(4.50),(4.54)⇐⇒ Lrω3ω2
aRLω

(4.55),(4.52)⇐⇒ A2
aQL

;

• Iin√
C1C2Vinω

×Lr
Lr⇐⇒ LrIin√

LrC1
√
L2CrVinω

(4.48),(4.50),(4.54)⇐⇒ Lrω3ω2
aRLω

(4.55),(4.51)⇐⇒ A1
aQL

;

• Iin
C2Vinω

(4.54)⇐⇒ 1
C2aRLω

×ω3
ω3⇐⇒ ω3

C2aRLω3ω

(4.55),(4.53)⇐⇒ A3
aQL

.

The system can be represented by a normalized state-space model based on unit-
less parameters described as:

ė(ωt) = EIe(ωt) + FIu(ωt),
ė(ωt) = EIIe(ωt) + FIIu(ωt),

ė(ωt) = EIIIe(ωt) + FIIIu(ωt),
ė(ωt) = EIV e(ωt) + FIV u(ωt)

(4.56)

and
y(ωt) = GIe(ωt) + HIu(ωt),

y(ωt) = GIIe(ωt) + HIIu(ωt),
y(ωt) = GIIIe(ωt) + HIIIu(ωt),
y(ωt) = GIV e(ωt) + HIV u(ωt),

(4.57)

in which,

EI =


0 −A2 0 −αA3

A2 0 0 0
0 0 0 0
αA3 0 0 0

 ,FI =


0 0
0 0
0 0
0 −1

 , (4.58)

EII =


0 −A2 0 0
A2 0 0 0
0 0 0 0
0 0 0 0

 ,FII =


0 0
0 0
0 0
0 0

 , (4.59)

EIII =


0 −A2 A1 0
A2 0 0 0
−A1 0 0 0

0 0 0 0

 ,FIII =


0 0
0 0
A1
A3

0
0 0

 , (4.60)
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EIV =


0 −A2 A1 −αA3

A2 0 0 0
−A1 0 0 0
αA3 0 0 0

 ,FIV =


0 0
0 0
A1
A3

0
0 −1

 , (4.61)

GI =



A3 0 0 0
0 A2

aQL
0 0

0 0 A1
aQL

0
0 0 0 A3

aQL

−A3 0 0 0
0 0 0 0


,HI =



0 0
0 0
0 0
0 0
0 1
0 0


, (4.62)

GII =



A3 0 0 0
0 A2

aQL
0 0

0 0 A1
aQL

0
0 0 0 A3

aQL

−A3 0 0 0
−αA3 0 0 0


,HII =



0 0
0 0
0 0
0 0
0 1
1 0


, (4.63)

GIII =



A3 0 0 0
0 A2

aQL
0 0

0 0 A1
aQL

0
0 0 0 A3

aQL

0 0 0 0
−A3 0 0 0


,HIII =



0 0
0 0
0 0
0 0
0 0
1 0


(4.64)

and

GIV =



A3 0 0 0
0 A2

aQL
0 0

0 0 A1
aQL

0
0 0 0 A3

aQL

0 0 0 0
0 0 0 0


,HIV =



0 0
0 0
0 0
0 0
0 0
0 0


. (4.65)

By symbolically solving the state-space representation for each operating mode
(i = I, II, III, IV ), steady-state solutions can be achieved. An algorithm is proposed to
solve the system, which is depicted as a flowchart in Figure 4.9.

In order to solve mode I, symbolical initial conditions are used as: initial reso-
nant inductor current iLr(0), initial resonant capacitor voltage vCr(0), initial capacitor C1

voltage vC1(0) and initial rectifier capacitor C2 voltage vC2(0). By solving mode I, one
equation for each state variable is found, which are dependent of the unit-less parameters
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Figure 4.9 – Flowchart to solve the Class-E2 resonant DC-DC converter model.
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and as function of ωt. By replacing ωt by T1, which represents the end of mode I, the
initial conditions to solve mode II are achieved and can be described by iLr(T1), vCr(T1),
vC1(T1) and vC2(T2). By solving mode II and replacing ωt by Dc2π, which characterizes
the end of mode II, the initial conditions for mode III are set as iLr(Dc2π), vCr(Dc2π),
vC1(Dc2π) and vC2(Dc2π). The same concept is used for mode III, which ends at T2,
being iLr(T2), vCr(T2), vC1(T2) and vC2(T2) the initial conditions to solve mode IV . The
last operating mode ends at 2π, which leads to the final conditions described as iLr(2π),
vCr(2π), vC1(2π) and vC2(2π). The aforementioned symbolical solutions are dependent of
nine parameters A1, A2, A3, a, Dc, iLr(0), vCr(0), vC1(0) and vC2(0). By equating the
final conditions as equal to the initial conditions (steady-state condition), a linear sys-
tem composed of four equations can be evaluated. In order to ensure the soft-switching
operation of both switch S and diode D, the zero-voltage switching conditions must be
addressed to the linear system. When the switch S turns on at 2π, the capacitor C1

voltage is 0 and the input current Iin is equal to the resonant current iLr . When the
diode turns off at T2, the capacitor C2 voltage and its derivative are 0. The following
steady-state and soft-switching conditions are considered: iLr(2π) = iLr(0) (steady-state
condition), vCr(2π) = vCr(0) (steady-state condition), vC1(2π) = 0 (switch S ZVS condi-
tion), vC2(2π) = vC2(0) (steady-state condition), iLr(2π) = Iin (switch S ZVS condition),
vC2(T2) = 0 (diode D ZDVS condition) and iLr(T2) = 1/αIo (diode D ZDVS condition).

The inherent system condition for capacitor C1 voltage simplifies the linear system
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by equating vC1(0) = 0. Based on that, the following linear system is equated:

iLr(2π)[A1,A2,A3,iLr (0),vCr (0),vC2 (0),Dc,T1,T2,a]

vCr(2π)[A1,A2,A3,iLr (0),vCr (0),vC2 (0),Dc,T1,T2,a]

vC1(2π)[A1,A2,A3,iLr (0),vCr (0),vC2 (0),Dc,T1,T2,a]

vC2(2π)[A1,A2,A3,iLr (0),vCr (0),vC2 (0),Dc,T1,T2,a]

iLr(2π)[A1,A2,A3,iLr (0),vCr (0),vC2 (0),Dc,T1,T2,a]

vC2(T2)[A1,A2,A3,iLr (0),vCr (0),vC2 (0),Dc,T1,T2,a]

iLr(T2)[A1,A2,A3,iLr (0),vCr (0),vC2 (0),Dc,T1,T2,a]


=



iLr(0)
vCr(0)

0
vC2(0)

1
A3

0
1

αA3
√
a


(4.66)

The system has 7 equations and 10 variables. In this case, a parameter sweep can
be performed in duty cycle Dc, and by defining two variables, like as A2 and A3, the
system can be solved. By varying Dc, the system can be solved and the soft-switching
conditions can be ensured for any operating point.

In order to calculate QL, the output voltage must be considered. The DC output
voltage is equal to the average value of the capacitor C2 voltage. In this case, the fourth
term on (4.21) should be evaluated as:

Vo
Vin

= 1
2π

2π∫
0

y4(ωt)dωt. (4.67)

The solution of (4.67) is dependent of QL and a constant C. This allows the
following relationships by considering S = 1/

√
a:

Vo
Vin

= 1
2π

2π∫
0

y4(ωt)dωt ⇐⇒ Vo
Vin

= CQL ⇐⇒
VoIoIin
VinIoIin

= CQL

⇐⇒ RL

Rin

S = CQL ⇐⇒
1

a
√
a

= CQL,

(4.68)

which leads to
QL = 1

a
√
aC

. (4.69)

In order to show the theoretical results for the Class E2 resonant converter, an
algorithm was implemented in a mathematical software aiming to find the state-space
model solutions for any operating point. In addition, maximum values on the switches
can be calculated and normalized gain and component stress curves can be obtained.
Furthermore, by solving the output equation, the normalized steady-state waveforms are
obtained as shown in Figure 4.10 for Dc = 0.4, Figure 4.11 for Dc = 0.5 and Figure 4.12
for Dc = 0.6.

For all operating points, the optimal steady-state operation condition can be achi-
eved. In other words, the switch S zero-voltage soft-switching occurs in the end of one
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cycle, as shown in Figures 4.10(c), 4.11(c) and 4.12(c). The switch S voltage is the same
as the capacitor C1 voltage due to their parallel connection. Furthermore, the diode D
turns off with zero-derivative voltage soft-switching, which means that the diodeD current
smoothly becomes 0, as depicted in Figures 4.10(f), 4.11(f) and 4.12(f). It is important to
note that the waveforms are normalized in relation to the input in frequency. The current
waveforms are normalized by the input current Iin. This means that, by multiplying the
normalized current waveforms by a specific value for Iin, the non-normalized waveforms
are achieved.

Figure 4.10 – Normalized waveforms for the Class-E2 resonant DC-DC converter for Dc =
0.4. (a) Resonant current. (b) Resonant voltage. (c) Inverter’s capacitor
voltage. (d) Rectifier’s capacitor voltage. (e) Switch S current. (f) Diode D
current.
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Source: Author.

The voltage waveforms are normalized by the input voltage Vin. In this case,
the system was analyzed by considering a input current source, which means that it is
necessary to adequate the normalization by considering

Vin = VoIin
a

. (4.70)

By performing a parameter sweep on Dc, other important parameters can be eva-
luated, like as the transfer power ratio, current transfer function, quality factor and so
on. Based on that, gain curves can be drawn. In addition, the normalized maximum
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Figure 4.11 – Normalized waveforms for the Class-E2 resonant DC-DC converter for Dc =
0.5. (a) Resonant current. (b) Resonant voltage. (c) Inverter’s capacitor
voltage. (d) Rectifier’s capacitor voltage. (e) Switch S current. (f) Diode D
current.
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Source: Author.

voltage and current on the diode and the switch can be calculated for any Dc, then com-
ponent stress curves are obtained. Such curves represent the behavior of the system in a
generalized way and can be used to design or select the components.

The normalized gain and component stress curves for the Class-E2 resonant DC-
DC converter are shown in Figure 4.13. The system was analyzed for different values
of A2 and fixed A3 = 1.25. In addition, the transformation ratio was selected as α = 1
for Figures 4.13(a)-(h). Notwithstanding, the current transfer function S as function of
transformation ratio α is depicted in Figure 4.13.

It can be seen in Figure 4.13(a) that S decreases when Dc increases. However, the
component stress is greater for low values of duty cycle Dc, as shown in Figures 4.13(e),
4.13(f), 4.13(g) and 4.13(h). For A2 = 0.95, the operational range is smaller than A2 =
0.55 and A2 = 0.75. This is because convergence errors occur more often closer to the
resonant frequency A2 = 1.0.

By relating the output variables to each other, it is possible to plot the phase
diagram. The phase diagram for Dc = 0.5 considering iLr/Iin and vC1/Vin is shown in
Figure 4.14, in which Figure 4.14(a) depicts the ZVS operation and Figure 4.14(b) the
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Figure 4.12 – Normalized waveforms for the Class-E2 resonant DC-DC converter for Dc =
0.6. (a) Resonant current. (b) Resonant voltage. (c) Inverter’s capacitor
voltage. (d) Rectifier’s capacitor voltage. (e) Switch S current. (f) Diode D
current.
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Source: Author.

non-ZVS operation. It can be seen in the first quadrant of Figure 4.14(b) that the graph
has a discontinuity that characterizes the non-ZVS operation.

The diode D ZDVS operation can be also analyzed by means of the phase dia-
gram considering iLr/Iin and vC2/Vin as shown in Figure 4.15. The ZDVS condition is
portrayed Figure 4.15(a) and the non-ZDVS in Figure 4.15(b). The plot in Figure 4.15(b)
characterizes that the diode D turns off but its derivative is different from 0.
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Figure 4.13 – Normalized gain and component stress curves for the Class-E2 converter:
(a) Current transfer function S as function of Dc. (b) Quality factor QL as
function of Dc. (c) Time T1 as function of Dc. (d) Time T2 as function of Dc.
(e) Peak switch current ISpeak/Iin as function of Dc. (f) Peak switch voltage
VSpeak/Vin as function of Dc. (g) Peak diode current IDpeak/Iin as function of
Dc. (h) Peak diode voltage VDpeak/Vin as function of Dc. (i) Transfer power
ratio TPOT as function of transformation ratio α.
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Figure 4.14 – Phase diagram of the Class-E2 converter for Dc = 0.5 considering iLr/Iin
and vC1/Vin: (a) ZVS. (b) Non-ZVS.
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Figure 4.15 – Phase diagram of the Class-E2 converter for Dc = 0.5 considering iLr/Iin
and vC2/Vin: (a) ZDVS. (b) Non-ZDVS.
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4.3 DESIGN METHODOLOGY

The next step is to define a design procedure that allows to find the real values
for the components based on the normalized gain curves. An operating point should be
selected, and based on that, it is necessary to extract the unit-less parameters in the gain
curves. In this sense, it is better to represent the normalized curves in a table format as
shown in Table 4.1 and in Table 4.2, as examples.

Table 4.1 – Unit-less parameters for the Class-E2 resonant converter considering α = 1.0,
A2 = 0.55 and A3 = 1.25.

Dc S A1 QL T1 T2 a

0.25 5.949 0.86 0.084 0.062 4.225 0.028
0.30 4.245 0.89 0.106 0.251 4.291 0.055
0.35 3.107 0.92 0.139 0.429 4.357 0.103
0.40 2.328 0.96 0.178 0.596 4.423 0.184
0.45 1.778 1.02 0.223 0.755 4.491 0.316
0.50 1.380 1.10 0.275 0.905 4.562 0.524
0.55 1.083 1.20 0.336 1.050 4.635 0.851
0.60 0.857 1.34 0.409 1.189 4.710 1.360
0.65 0.679 1.58 0.498 1.323 4.786 2.164
0.70 0.537 1.88 0.609 1.455 4.859 3.461
0.75 0.422 2.34 0.755 1.582 4.908 5.609

Table 4.2 – Unit-less parameters for the Class-E2 resonant converter considering α = 1.0,
A2 = 0.75 and A3 = 1.25.

Dc S A1 QL T1 T2 a

0.30 4.154 0.724 0.069 0.059 4.319 0.057
0.35 3.147 0.758 0.086 0.222 4.393 0.100
0.40 2.441 0.804 0.106 0.375 4.467 0.167
0.45 1.933 0.865 0.128 0.520 4.542 0.267
0.50 1.557 0.946 0.152 0.659 4.620 0.412
0.55 1.272 1.055 0.179 0.791 4.700 0.617
0.60 1.050 1.203 0.210 0.920 4.783 0.906
0.65 0.872 1.406 0.247 1.045 4.868 1.314
0.70 0.724 1.698 0.291 1.166 4.955 1.903
0.75 0.599 2.135 0.347 1.284 5.035 2.784
0.80 0.490 2.854 0.424 1.397 5.042 4.153

By selecting a value for duty cycle Dc, the corresponding unit-less parameters
must be used. The unit-less parameters are used to obtain the real system parameters.
It is necessary to describe the components based on the unit-less parameters. For this



4 ANALYSIS AND DESIGN OF THE MULTIPHYSICAL SYSTEM BASED ON
RESONANT TOPOLOGIES 122

purpose, relationships (4.48)-(4.53) and (4.55) are re-arranged and the design equations
are obtained as:

Lr = RL

A3QLω
, (4.71)

Cr = A3QL

A2
2RLω

, (4.72)

C1 = A3QL

A1
2RLω

(4.73)

and
C2 = QL

A3RLω
. (4.74)

The choke inductor Lc can be designed by defining a normalized resonant frequency
Ac between Lc and C1 as follows:

Ac = ωc
ω
, (4.75)

in which, the angular frequency is ωc = 1/
√
LcC1. The lower Ac, the lower the ripple in

the choke inductor Lc, which is calculated by

Lc = A1
2RL

AcQLω
. (4.76)

The output filter inductor can be designed in the same way as Lc, by considering
a normalized frequency Af between Lf and Cf :

Af = ωf
ω
, (4.77)

being ωf = 1/
√
LfCf . The equation for Lf is dependent of T1 and T2:

Lf = (1− T2 + T1)RL

10Afω
. (4.78)

The output filter capacitor Cf is designed as (KAZIMIERCZUK; CZARKOWSKI,
1995)

Cf = 25
ω2Lf

. (4.79)

The design equations are also dependent on specifications. A design methodology
is going to be proposed. The following step-by-step procedure is a generic example and
can be modified according to the designer’s needs.

1. Define specifications: output voltage Vo, output power Po and operating frequency
fs;

2. Auxiliary calculation: load RL, output current Io, input voltage Vin and angular
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operating frequency ω:
RL = Vo

Io
, (4.80)

Io = Po
Vo
, (4.81)

Vin = Po
ηIin
× 100 (4.82)

and
ω = 2πfs; (4.83)

3. Calculate required gain S:
S = Io

Iin
; (4.84)

4. Select operating point Dc: based on the required gain, the operating point must be
selected to achieve the required power transfer.

5. Design of the resonant circuit Lr-Cr-C1-C2: by means of the unit-less parameters,
the resonant circuit is designed based on (4.71), (4.72), (4.73) and (4.74);

6. Design of the choke inductor Lc and output filter Lf -Cf : by defining the normalized
resonant frequencies Ac and Af , which are related to the ripple in the input current
and the output ripple, respectively, the choke inductor and the output filter are
designed by (4.76), (4.78) and (4.79).

The aforementioned design procedure is a standard step-by-step procedure that
can be used to design the Class-E2 resonant converter. When considering the resonant
circuit Lr, Cr, C1 and C2 as model for the multiphysics network, it is necessary to consider
these components as specifications for the system. They can be analytically calculated
based on the multiphysical, equivalent electrical or piezoelectric transformer models.

Efficiency η is used in (4.82) in order to highlight the possibility of including a
parameter that indicates a lossy system. As an example of the formulas application, lets
consider the design of a Class-E2 resonant converter based on the given specifications
shown in Table 4.3.
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Table 4.3 – Design specifications for the electro-mechanical-acoustic CET system based
on Class-E2 topology.

Specification / Input Value
Output voltage, Vo 4V

Load, RL 20 Ω
Operating frequency, fs 800 kHz

Normalized resonant frequency, A1 0.94
Normalized resonant frequency, A2 0.75
Normalized resonant frequency, A3 1.25

Based on A1, A2 and A3, the proposed algorithm shown in Figure 4.9 should be
solved. The results are a set of unit-less parameters that are used to design the system’s
components. By selecting Dc = 0.5, the unit-less parameters are extracted from Table 4.2.
The unit-less parameters are shown in Table 4.4.

Table 4.4 – Unit-less parameters for the electro-mechanical-acoustic CET system based
on Class-E2 topology.

Parameter Value Method
Normalized resonant frequency, A1 0.94 Calculated based on the PZT model
Normalized resonant frequency, A2 0.75 Calculated based on the PZT
Normalized resonant frequency, A3 1.25 Calculated based on the PZT model

Duty cycle, Dc 0.5 Selected as input
Diode turn-on time, T1 0.659 Found based on the normalized model
Diode turn-off time, T2 4.620 Found based on the normalized model

Quality factor, QL 0.152 Found based on the normalized model
Current transfer function, S 1.557 Found based on the normalized model
Choke inductor ripple, Ac 0.09 Defined as input

Output ripple, Af 0.1 Defined as input

Based on Tables 4.3 and 4.4, the components are calculated by (4.71)-(4.79). The
designed Class-E2 converter for the CET system is shown in Table 4.5.
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Table 4.5 – Components for the electro-mechanical-acoustic CET system based on Class-
E2 topology.

Component Value
Resonant inductor, Lr 22µH
Resonant capacitor, Cr 3.3nF
Inverter capacitor, C1 2.2nF
Choke inductor, Lc 260µH

Rectifier capacitor, C2 1.2nF
Output filter inductor, Lf 175µH
Output filter capacitor, Cf 25nF

Load, RL 20 Ω

In addition, auxiliary calculation leads to: Vin = 6.25V and Po = 800mW .

4.4 DESIGN OF THE POWER CIRCUITRY FOR THE ELECTRO-MECHANICAL-
ACOUSTIC CET SYSTEM BASED ON CLASS-E2 RESONANT CONVERTER

In this Section, a design procedure for the power conversion circuitry of the electro-
mechanical-acoustic CET system is proposed. The idea is to design the circuits that per-
form the electrical energy management. For instance, the Class-E inverter can be designed
to supply the ultrasound transmitter. Also, the Class-E rectifier can be designed to per-
form the AC-DC conversion based on the output of the ultrasound receiver. Besides that,
the Class-E2 DC-DC converter can be designed based on its resonant tank as topological
representation of the multiphysical network.

The design flow is described by the following steps:

1. Define the inputs: the first step is to define the inputs for the design flowchart. The
inputs are related to the real physical system and are listed as:

• Length of the transfer media, l(m);

• Radius of the transfer media, R(m);

• Density of the transfer media material, ρ(kg/m3);

• Wave velocity in the transfer media material, CL(m/s);

• Transfer media friction coefficient, µL(m · Pa · s);

• Piezoelectric component mass, M1,2(kg);

• Piezoelectric component damper, D1,2(N · s ·m−1);
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• Piezoelectric component stiffness, K1,2(N ·m−1)

• Piezoelectric component capacitance, Cin,o(F );

• Piezoelectric anti-resonant frequency, fa(Hz);

• Piezoelectric component radius, r(m);

• Electro-mechanical coupling, α1,2;

• Output DC voltage, Vo(V );

• Output load, RL(Ω);

• Input voltage, Vin(V )

• Operating frequency, fs(Hz);

• Choke inductor ripple, Ac;

• Output filter ripple, Af ;

2. Auxiliary calculation: based on the inputs, it is useful to calculate the following
auxiliary parameters:

• Output power, Po(W );

• Output current, Io(A);

• Input current, Iin(A);

• Angular operating frequency, ωs;

• Required current gain, S;

which are equated as

Po = V 2
o

RL

; Io = Po
Vo

; Iin = Po
ηVin

× 100; ωs = 2πfs; S = Io
Iin

; (4.85)

3. Calculate the elements of the acoustic network: based on the inputs, the acoustical
equivalent mass Ma1, equivalent friction Za1 and equivalent compliance Na1 can be
found as

Ma1 = 1
Ma

; Ma = ρl

πR2 ;Za1 = 1
Za

; Za = 8µLl
πR4 ;Na1 = V ol

C2
Lρ
. (4.86)

The mechanical-acoustic coupling is calculated by

γ1,2 = πr2

πR2 . (4.87)

4. Equating for the piezoelectric transformer model: the equivalent acoustical compo-
nents are converted into the equivalent electrical model by M1,2 = L1,2, K1,2 =
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1/C1,2, D1,2 = R1,2, Ma1 = La, Na1 = Ca and Za1 = Ra. Then, the piezoelectric
transformer model components are equated by (3.122), (3.123), (3.124) and (3.125);

5. Calculate the normalized electrical resonant frequencies for the Class-E2 resonant
tank: the normalized resonant frequencies are calculated as

A1 = ω1

ω
; A2 = ω2

ω
; A3 = ω3

ω
, (4.88)

being,

ω1 = 1√
LpztCin

; ω2 = 1√
LpztCpzt

; ω3 = 1√
LpztCo

; (4.89)

6. Solve the normalized model of the Class-E2 resonant converter: at this point, it is
necessary to solve the normalized state-space model of the converter. The norma-
lized resonant frequencies A1, A2, and A3 should be used as input. A parameter
sweep should be performed in the duty cycle Dc. Based on the required current gain
S, the duty cycle Dc should be selected and from its result, the quality factor QL,
diode switching times T1 and T2, and inverse transfer power ratio a are consequences
of the choice of the duty cycle. For this purpose, the normalized gain curves should
be used;

7. Design of the Class-E inverter stage: the inverter stage is composed of the choke
inductor Lc and the parallel capacitor C1. The piezoelectric capacitance Cin is used
to represent C1. The choke inductor is designed by:

Lc = A1
2RL

AcQLω
; (4.90)

8. Design of the Class-E rectifier stage: The rectifier stage is composed of the rectifier
capacitor C2, the output filter inductor Lf and the output filter capacitor Cf . The
piezoelectric capacitance Co is used to represent C2. The output filter components
are designed by

Lf = (1− T2 + T1)RL

10Afω
; Cf = 25

ω2Lf
. (4.91)
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4.5 OTHER TOPOLOGIES

The electro-mechanical-acoustic CET system based on resonant topology was analy-
zed considering the Class-E2 resonant converter. However, it is possible to develop the
same concepts for other topologies. Although the topologies in this section are not going
to be deeply analyzed, they are going to be highlighted to characterize other possibilities
to drive the system.

4.5.1 Class-D2 resonant converter

The Class-D2 resonant converter is other topology that can be used to analyze
the electro-mechanical-acoustic CET system. It is composed of a Class-D inverter and a
Class-D rectifier, which are connected in the equivalent model of the multiphysical system.

The CET system based on Class-D2 topology is show in Figure 4.16.

Figure 4.16 – Electro-mechanical-acoustic CET system based on Class-D2 topology.
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The converter is composed of: input voltage source Vin, switch S1, switch S2,
resonant inductor Lr, resonant capacitor Cr, diode D1, diode D2, output capacitor Cf
and load RL. The circuit variables are: iLr , inductor Lr current; vCr , capacitor Cr voltage;
vCf , capacitor Cf voltage; iS1 , switch S1 current; iS2 , switch S2 current; vS1 , switch S1

voltage; vS2 , switch S2 voltage; iD1 , diode D1 current; iD2 , diode D2 current; vD1 , diode
D1 voltage; vD2 , diode D2 voltage; io, output current; and Vo, output voltage.

When D1 is on and D2 is off, capacitor C2 is short-circuited. When D1 is off and
D2 is on, capacitor C2 has parallel connection to Cf . In this sense, they can be combined
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into a single capacitor, which determines one resonant frequency with Lr.
This topology is easier to be designed than the Class-E2 converter. It is because

it is not necessary to find the soft-switching conditions of diodes D1 and D2. However,
the Class-D2 has lower efficiency than the Class-E2 because the diodes operate in hard-
switching mode. The complete analysis for the Class-D2 resonant converter is shown in
Appendix C.

4.5.2 Cockcroft-Walton-based converters

As previously discussed, besides the resonant AC-DC rectifiers, the voltage multi-
pliers can also be used for the rectification stage. A DC-DC converter based on Cockcroft-
Walton (CW) AC-DC multiplier is a system composed of any DC-AC inverter cascaded
with the voltage multiplier. For instance, a Class-DCW is obtained by connecting a
Class-D inverter to a Cockcroft-Walton rectifier. Figure 4.17 shows the electro-mechanical-
acoustic CET system based on Class-DCW.

Figure 4.17 – Electro-mechanical-acoustic CET system based on Class-DCW topology.
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The Cockcroft-Walton circuit operates different than the resonant converters re-
garding its connection to other systems. The resonant rectifiers are dependent of the
resonant inverters because their frequencies are interdependent to each other. On the
other hand, Cockcroft-Walton multipliers can be designed independently of the dynamic
behavior of the inverter. For this reason, it can be analyzed separated from the multiphy-
sical system. In other words, the Cockcroft-Walton recognizes the multiphysical system
as a sinusoidal input source, and steps-up the voltage while performing the rectification.
Although there are several variations for this converter, this work focus on a topology
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based on diodes and capacitors. The topology under study in shown Figure 4.18.

Figure 4.18 – Cockcroft-Walton AC-DC rectifier.
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The converter can be designed with n-stages, which is an important feature for
this rectifier. The input source is represented by

vin = Vin sin(ωt), (4.92)

being Vin the peak value of the input voltage.
The converter is composed of capacitors C1, C2, ..., C2n−1 and C2n, diodesD1, D2, ..., D2n−1

and D2n. The output load is represented by RL.
When the circuit has no load, the output voltage Vo is

Vo = 2nVin· (4.93)

When load is connected, the output voltage is affected by a voltage drop ∆Vo and
a voltage ripple δVo is perceived. The analytical expressions for the Cockcroft-Walton
multiplier are given as (WEINER, 1969; KHALIFA, 1990; KOBOUGIAS; TATAKIS,
2010):

∆Vo = S

f

(
n∑
i=1

(n+ 1 + i)2

C2i−1
+

n−1∑
i=1

(n+ 1− i)(n− i)
C2i

)
Vin, (4.94)

δVo = S

f

(
n∑
i=1

(n+ 1− i)
C2i

)
Vin (4.95)

and
Vo =

(
2n− 1

Vin

(
∆Vo + 1

2δVo
))

Vin − 2nVD, (4.96)

which include the input source frequency f , diode voltage drop VD and AC-to-DC transfer
function S:

S = Io
Vin

, (4.97)

being Io the output current.
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In the Cockcroft-Walton multiplier, it is necessary to evaluate a trade-off between
number of diodes and voltage transfer. By increasing the number of stages, higher is
the output voltage. However, the higher the number of diodes, the higher is the overall
diode voltage drop. On the other hand, the Cockcroft-Walton multiplier is an interesting
topology because it can be designed apart from the rest of the system.

A discussion about the practical implementation of the driving circuits is conducted
in Appendix E.

4.6 CONCLUSION

In this Chapter, an analysis and design methodology for the electro-mechanical-
acoustic CET system based on resonant topologies was proposed. The piezoelectric trans-
former model, which represents the multiphysical system, is connected to power conversion
circuits by considering it as part of the resonant tank.

The Class-E2 resonant converter was studied in this Chapter. A normalized state-
space model based on unit-less parameters was presented and normalized gain and com-
ponent stress curves were portrayed to show the general behavior of the system.

A design methodology was proposed in which, based on unit-less parameters deri-
ved from the piezoelectric transformer model, and based on design specifications, suitable
rectifiers and inverters can be designed to drive the electro-mechanical-acoustic CET sys-
tem. Furthermore, other topologies, like as the Class-D2 and the Class-DCW converters
were pointed out as options to be used as power conversion circuits.





5 GENERALIZED AVERAGED DYNAMIC MODEL

In the previous chapter, the Class-E2 resonant DC-DC converter was used as to-
pological representation for the electro-mechanical-acoustic CET system. The C1 − Lr −
Cr − C2 resonant circuit and the transformer were considered as an equivalent electrical
representation for the multiphysical system. It was shown that the component design
equations for the inverter and the rectifier stages can be derived from the normalized mo-
del of the converter. The performed analysis in Chapter 4 is considered as the steady-state
modeling of the system, and it is useful to design the circuit and verify component stress.

In this Chapter, the dynamic modeling is going to be performed for the Class-E2

converter. The dynamic model (AC model) is used to verify how the disturbances on
circuit variables, input sources, frequency, duty cycle or components, affect the system.
Furthermore, it is used to develop closed-loop control systems (ERICKSON, 2000).

Usually, power converters are modeled based on the averaged state-space model or
the switched model. However, these techniques are only valid for waveforms with small
ripple. In other words, they are restricted to DC variables. In this sense, the classical
AC modeling techniques are not suitable for resonant converters because they have large
amplitudes on the waveforms and AC variables.

In order to model the Class-E2 converter, the generalized averaged model (GAM)
is going to be used. This model is able to reconstruct the waveforms even though they
have large amplitudes and high harmonic content (SANDERS et al., 1991), (SANDERS
et al., 1990), (BACHA; MUNTEANU; BRATCU, 2013).

The generalized averaged model captures different harmonic components and the
reconstruction of the waveforms is based on expressing the electrical signal in terms of
its Fourier series. Several works deal with the generalized averaged model for power
converters. Sanders et al. (1991) has shown the basis for the GAM method applied to
resonant converters. Javaid & Dujić (2015) has applied the GAM for the Buck, Boost
and Buck-Boost converters by means of their state-space representation.

Even though many works have dealt with the GAM, it still is a complex task to
systematize the method application. It is because the method requires the development of
non-linear differential equations and then, a convolution operator is applied into switching
functions and state variables.

In this Thesis, the GAM is applied in the Class-E2 converter. The development of
this chapter is based on the works of Sanders et al. (1991), Bacha, Munteanu & Bratcu
(2013), Javaid & Dujić (2015) and Engleitner (2011). The basis for the GAM are well
defined in the aforementioned works. However, so far, there is no application of the GAM
for the Class-E2 converter in the literature.

It is important to note that the development of a control system for the electro-
mechanical-acoustic CET system based on resonant converters is out of the scope of
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this Thesis. However, this Thesis provides the dynamic model of the Class-E2 converter
because this topology is the focus of study in this work and the results shown in this
Chapter can be used to understand the system’s behavior and to provide basis for future
works.

5.1 SWITCHING FUNCTION

Switched power converters operate based on modes. It means that the configura-
tion of the converter changes dependent on the condition of its switches. Each configura-
tion leads to a state-space model.

In order to obtain a unique state-space model that represents the converter, swit-
ching functions can be defined. The Class-E2 converter has four operating modes ruled
by the switch S and the diode D operation. In this sense, two switching functions should
be defined.

The switching functions should be able to recreate the state-space models for each
mode. The switching function that represents the effect of the switch S is defined as a
Fourier series (SANDERS et al., 1991):

f1(t) = 〈s1〉0 +
kmax∑
k=1

(
〈s1〉kejkt + 〈s1〉−ke−jkt

)
, (5.1)

in which, f1(t) is the switching function, notation 〈〉k represents the function evaluated
considering harmonic k, kmax is the maximum number of considered harmonics and 〈s1〉k
represents the Fourier coefficient for harmonic k.

The Fourier coefficients are calculated by

〈s1〉k = 1
2π

(∫ 2π

Dc2π
e−jkτdτ

)
. (5.2)

The switching function that represents the effect of the diode D is defined as a
Fourier series by:

f2(t) = 〈s2〉0 +
kmax∑
k=1

(
〈s2〉kejkt + 〈s2〉−ke−jkt

)
, (5.3)

in which, f2(t) is the switching function and 〈s2〉k represents the Fourier coefficient for
harmonic k.

The Fourier coefficients are given by:

〈s2〉k = 1
2π

(∫ T1

0
e−jkτdτ +

∫ 2π

T2
e−jkτdτ

)
. (5.4)

Note that the intervals of integration are related to the switch and diode operations.
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For instance, switching function f1(t) is able to represent the transitions on-off and off-on
for the switch S. In the same way, switching function f2(t) represents the transitions
off-on and on-off for the diode D.

The number of harmonics defines the coverage of the model. The accuracy of the
waveform reconstruction depends on the considered number of harmonics. If the waveform
has high harmonic content, it is necessary to use a relatively high number of harmonics.

Mathematically, the transition from a mode to another is represented by a square
waveform. It is because the terms of the state-space matrices suddenly change when the
circuit configuration changes.

A square waveform has high harmonic content, which means that it is necessary
to include several harmonics in the waveform reconstruction to achieve a suitable repre-
sentation. The switching function described by the Fourier series for different number of
harmonics k is depicted in Figure 5.1 for the switch S behavior and in Figure 5.2 for the
diode D behavior.
Figure 5.1 – Switching function described by Fourier series for the switch S behavior. (a)

k = 0...1. (b) k = 0...3. (c) k = 0...9. (d) k = 0...50.
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Source: Author.
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Figure 5.2 – Switching function described by Fourier series for the diode D behavior. (a)
k = 0...1. (b) k = 0...3. (c) k = 0...9. (d) k = 0...50.
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It is possible to conclude that the higher the number of harmonics, the better
is the approximation of the function. However, it is important to highlight that the
computational effort is higher when the number of harmonics is increased.

5.2 NON-LINEAR DIFFERENTIAL EQUATIONS

The switching functions are going to be used to construct a non-linear model for the
Class-E2 converter. As described in Chapter 4, the converter has four operating modes:

1. Mode I (0 < ωt ≤ T1): S on and D off;

2. Mode II (T1 < ωt ≤ Dc2π): S on and D on;

3. Mode III (Dc2π < ωt ≤ T2): S off and D on;
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4. Mode IV (T2 < ωt ≤ 2π): S off and D off.

The topology to be considered is shown in Figure 5.3.

Figure 5.3 – Class-E2 resonant DC-DC converter.
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For the dynamic model, the choke inductor Lc and the output filter Lf − Cf are
considered. It is interesting to consider the most comprehensive topology as possible.
For instance, by including the output filter, it is possible to derive the transfer function
from the DC input source to the DC output source, which means that a control system
can be develop to regulate the DC output voltage. The transformer relationships are
α = v1/v2 = i2/i1.

The topologies for each mode, circuit variables and components were detailed in
Chapter 4. For this reason, they are omitted in this Chapter.

The state vector x(t) is composed of the following circuit variables

x(t) = [iLc , vC1 , iLr , vCr , vC2 , iLf , vCf ]
T . (5.5)

Each circuit variable has a differential governing equation for each operating mode.
The governing equations for mode I are described by

diLc(t)
dt

= Vin
Lc
, (5.6)

dvC1(t)
dt

= 0, (5.7)

diLr(t)
dt

= −vCr(t)
Lr

− αvC2(t)
Lr

, (5.8)

dvCr(t)
dt

= iLr(t)
Cr

, (5.9)

dvC2(t)
dt

= α
iLr(t)
C2

−
iLf (t)
C2

, (5.10)

diLf (t)
dt

= vC2(t)
Lf

−
vCf (t)
Lf

(5.11)
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and

dvCf (t)
dt

=
iLf (t)
Cf

−
vCf (t)
RLCf

. (5.12)

Mode II is equated by

diLc(t)
dt

= Vin
Lc
, (5.13)

dvC1(t)
dt

= 0, (5.14)

diLr(t)
dt

= −vCr(t)
Lr

, (5.15)

dvCr(t)
dt

= iLr(t)
Cr

, (5.16)

dvC2(t)
dt

= 0, (5.17)

diLf (t)
dt

= −
vCf (t)
Lf

(5.18)

and

dvCf (t)
dt

=
iLf (t)
Cf

−
vCf (t)
RLCf

. (5.19)

The differential governing equations for mode III are

diLc(t)
dt

= Vin
Lc
− vC1(t)

Lc
, (5.20)

dvC1(t)
dt

= iLc(t)
C1

− iLr(t)
C1

, (5.21)

diLr(t)
dt

= vC1(t)
Lr

− vCr(t)
Lr

, (5.22)

dvCr(t)
dt

= iLr(t)
Cr

, (5.23)

dvC2(t)
dt

= 0, (5.24)

diLf (t)
dt

= −
vCf (t)
Lf

(5.25)
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and

dvCf (t)
dt

=
iLf (t)
Cf

−
vCf (t)
RLCf

. (5.26)

Finally, mode IV is mathematically described by

diLc(t)
dt

= Vin
Lc
− vC1(t)

Lc
, (5.27)

dvC1(t)
dt

= iLc(t)
C1

− iLr(t)
C1

, (5.28)

diLr(t)
dt

= vC1(t)
Lr

− vCr(t)
Lr

− αvC2(t)
Lr

, (5.29)

dvCr(t)
dt

= iLr(t)
Cr

, (5.30)

dvC2(t)
dt

= α
iLr(t)
C2

−
iLf (t)
C2

, (5.31)

diLf (t)
dt

= vC2(t)
Lf

−
vCf (t)
Lf

(5.32)

and

dvCf (t)
dt

=
iLf (t)
Cf

−
vCf (t)
RLCf

. (5.33)

The non-linear differential equations are equated based on the linear differential
equations and the switching functions f1(t) and f2(t). In (5.2), the coefficients of f1(t)
are defined at the interval Dc2π-2π. This means that, by multiplying the terms in the
differential equations by f1(t), the terms are turned into zero at modes I and II. This is
because modes I and II are defined from 0-T1 and from T1-Dc2π, respectively. In other
words, mode I and II are not included into the defined interval in (5.2).

In the same way, by multiplying the terms in the differential equations by f2(t),
the terms are turned into zero at modes II and III due to the limits in the integral
calculation in (5.4). Based on that, the non-linear equations are described as

diLc(t)
dt

= Vin
Lc
− vC1(t)

Lc
f1(t), (5.34)

dvC1(t)
dt

= iLc(t)
C1

f1(t)− iLr(t)
C1

f1(t), (5.35)

diLr(t)
dt

= vC1(t)
Lr

f1(t)− vCr(t)
Lr

− αvC2(t)
Lr

f2(t), (5.36)
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dvCr(t)
dt

= iLr(t)
Cr

, (5.37)

dvC2(t)
dt

= α
iLr(t)
C2

f2(t)−
iLf (t)
C2

f2(t), (5.38)

diLf (t)
dt

= vC2(t)
Lf

f2(t)−
vCf (t)
Lf

(5.39)

and

dvCf (t)
dt

=
iLf (t)
Cf

−
vCf (t)
RLCf

. (5.40)

5.3 CONVOLUTION BETWEEN SWITCHING FUNCTIONS AND STATE VARIA-
BLES

The switching functions are composed of the Fourier coefficients, which are des-
cribed based on the harmonic k. In this sense, in order to achieve a linear model, the
switching functions in the non-linear differential equations are replaced by the Fourier
coefficients regarding the harmonic of interest.

The non-linearity comes from the multiplication of a state variable by a switching
function. The non-linearities are going to be replaced by terms generated from a convo-
lution operation in the form (SANDERS et al., 1991):

〈x(t)s1,2〉k =
ic∑

i=−ic
〈x(t)〉k−i〈s1,2〉i, (5.41)

in which, x(t) is a state variable, s1,2 represents a Fourier coefficient and ic is the con-
volution index. In practical terms, the convolution operation allows the non-linearities
avoidance by generating a sum of products of a state variable by a Fourier switching
function coefficient.

The notation 〈〉k should be used to denote the considered harmonic k, wherefore
it is necessary to use the derivative property of Fourier (SANDERS et al., 1991):

d〈x(t)〉k
dt

= 〈g(x(t), s1,2)〉k − jkωs〈x(t)〉k, (5.42)

being g(x(t), s1,2) a function that is dependent on a state variable and a Fourier coefficient.
Therefore, the differential equations become (time notation t is omitted for simpli-

city)

d〈iLc〉k
dt

= Vin
Lc
−

ic∑
i=−ic

〈s1〉i〈vC1〉k−i
Lc

− jkωs〈iLc〉k, (5.43)
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d〈vC1〉k
dt

=
ic∑

i=−ic

〈s1〉i〈iLc〉k−i
C1

−
ic∑

i=−ic

〈s1〉i〈iLr〉k−i
C1

− jkωs〈vC1〉k, (5.44)

d〈iLr〉k
dt

=
ic∑

i=−ic

〈s1〉i〈vC1〉k−i
Lr

− 〈vCr〉k
Lr

− α
ic∑

i=−ic

〈s2〉i〈vC2〉k−i
Lr

− jkωs〈iLr〉k, (5.45)

d〈vCr〉k
dt

= 〈iLr〉k
Cr

− jkωs〈vCr〉k, (5.46)

d〈vC2〉k
dt

= α
ic∑

i=−ic

〈s2〉i〈iLr〉k−i
C2

−
ic∑

i=−ic

〈s2〉i〈iLf 〉k−i
C2

− jkωs〈vC2〉k, (5.47)

d〈iLf 〉k
dt

=
ic∑

i=−ic

〈s2〉i〈vC2〉k−i
Lf

−
〈vCf 〉k
Lf

− jkωs〈iLf 〉k, (5.48)

and

d〈vCf 〉k
dt

=
〈iLf 〉k
Cf

−
〈vCf 〉k
RLCf

− jkωs〈vCf 〉k. (5.49)

The set of differential equations should be applied for each value of harmonic k.
In addition, the convolution index should be defined in order to solve the summation.

5.4 LARGE-SIGNAL MODEL

By applying the summations, negative index terms appear. Also, the sets of diffe-
rential equations become interdependent.

In order to obtain the large-signal model, it is important to note that each state
variable with coefficient different from zero has a conjugate that must be considered.
Furthermore, the maximum number of considered harmonics determines the order of the
system. The selection of the harmonics is based on the harmonic content of the waveforms.
A detailed study about that was performed by Engleitner (2011).

For the Class-E2 resonant converter, it is going to be considered kmax = 5. Due
to the high number of variables, auxiliary variables yi are going to be defined in order
to represent the real and imaginary parts. The definitions are performed considering the
index a varying from 1 to kmax with steps of 1 and the index b varying from 1 to kmax with
steps of 2. Also, k must be considered from 0 to kmax with steps of 1. The definitions are
shown as follows:

〈iLc〉0 , y1, (5.50)
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〈iLc〉k , y2a + jy2a+1, (5.51)

〈iLc〉−k , y2a − jy2a+1, (5.52)

〈vC1〉0 , y2kmax+2, (5.53)

〈vC1〉k , y2kmax+2+b + jy2kmax+3+b, (5.54)

〈vC1〉−k , y2kmax+2+b − jy2kmax+3+b, (5.55)

〈iLr〉0 , y4kmax+3, (5.56)

〈iLr〉k , y4kmax+3+b + jy4kmax+4+b, (5.57)

〈iLr〉−k , y4kmax+3+b − jy4kmax+4+b, (5.58)

〈vCr〉0 , y6kmax+4, (5.59)

〈vCr〉k , y6kmax+4+b + jy4kmax+5+b, (5.60)

〈vCr〉−k , y6kmax+4+b − jy6kmax+5+b, (5.61)

〈vC2〉0 , y8kmax+5, (5.62)

〈vC2〉k , y8kmax+5+b + jy8kmax+6+b, (5.63)

〈vC2〉−k , y8kmax+5+b − jy8kmax+6+b, (5.64)

〈iLf 〉0 , y10kmax+6, (5.65)

〈iLf 〉k , y10kmax+6+b + jy10kmax+7+b, (5.66)
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〈iLf 〉−k , y10kmax+6+b − jy10kmax+7+b, (5.67)

〈vCf 〉0 , y12kmax+7, (5.68)

〈vCf 〉k , y12kmax+7+b + jy12kmax+8+b (5.69)

and
〈vCf 〉−k , y12kmax+7+b − jy12kmax+8+b. (5.70)

The definitions should be applied into the set of differential equations shown in the
previous section. The convolution index determines the amount of terms generated by
the summations, which implies in the number of terms from the definitions that should
be replaced into the differential equations.

As a thumb-rule, the convolution index can be defined as 2 for converters with 2,
3 or 4 reactive components, and 3 for converters with 5, 6 or 7 reactive components. In
the Class-E2 converter, the convolution index was defined as 3.

Based on the order of the system no and the number maximum of selected harmo-
nics kmax, the number of state variables nv can be found as

nv = no + 2kmaxno. (5.71)

In order to clarify how the definitions are applied into the differential equations,
lets consider the equation for the choke inductor in (5.43). By considering ic = 3 and
equating for k = 0, the following is obtained:

d〈iLc〉0
dt

= Vin
Lc
− 〈s1〉−3〈vC1〉3

Lc
− 〈s1〉−2〈vC1〉2

Lc
− 〈s1〉−1〈vC1〉1

Lc
− 〈s1〉0〈vC1〉0

Lc

− 〈s1〉1〈vC1〉−1

Lc
− 〈s1〉2〈vC1〉−2

Lc
− 〈s1〉3〈vC1〉−3

Lc
− j0ωs〈iLc〉0.

(5.72)

The definitions should be applied into (5.72):

d〈iLc〉0
dt

= Vin
Lc
− 〈s1〉−3(y17 + jy18)

Lc
− 〈s1〉−2(y15 + jy16)

Lc
− 〈s1〉−1(y13 + jy14)

Lc
− 〈s1〉0y12

Lc

− 〈s1〉1(y13 − jy14)
Lc

− 〈s1〉2(y15 − jy16)
Lc

− 〈s1〉3(y17 − jy18)
Lc

.

(5.73)

The coefficients for the switching function are evaluated based on (5.2), which leads
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to:

〈s1〉0 = 1
2π

(∫ 2π

Dc2π
e−j0τdτ

)
= 1−Dc, (5.74)

〈s1〉1 = j(1− cos(Dc2π) + jsin(Dc2π))
2π , (5.75)

〈s1〉2 = j(1− cos(Dc4π) + jsin(Dc4π))
4π , (5.76)

〈s1〉3 = j(1− cos(Dc6π) + jsin(Dc6π))
6π , (5.77)

〈s1〉−1 = j(−1 + cos(Dc2π) + jsin(Dc2π))
2π , (5.78)

〈s1〉−2 = j(−1 + cos(Dc4π) + jsin(Dc4π))
4π , (5.79)

〈s1〉−3 = j(−1 + cos(Dc6π) + jsin(Dc6π))
6π . (5.80)

By replacing the coefficients into (5.73) and re-arranging it, the following is obtai-
ned:

d〈iLc〉0
dt

= Vin
Lc

+ (−1 +Dc)
Lc

y12

+
[
j(1− cos(Dc2π)− jsin(Dc2π))

2πLc
− j(1− cos(Dc2π) + jsin(Dc2π))

2πLc

]
y13

+
[
− 1− cos(Dc2π)− jsin(Dc2π)

2πLc
− 1− cos(Dc2π) + jsin(Dc2π)

2πLc

]
y14

+
[
j(1− cos(Dc4π)− jsin(Dc4π))

4πLc
− j(1− cos(Dc4π) + jsin(Dc4π))

4πLc

]
y15

+
[
− 1− cos(Dc4π)− jsin(Dc4π)

4πLc
− 1− cos(Dc4π) + jsin(Dc4π)

4πLc

]
y16

+
[
j(1− cos(Dc6π)− jsin(Dc6π))

6πLc
− j(1− cos(Dc6π) + jsin(Dc6π))

6πLc

]
y17

+
[
− 1− cos(Dc6π)− jsin(Dc6π)

6πLc
− 1− cos(Dc6π) + jsin(Dc6π)

6πLc

]
y18.

(5.81)

The next step is to separate the real and imaginary parts. If the considered har-
monic of the state variable is 0, only the real part should be considered. If the considered
harmonic is different from 0, then the state variable is split into two state variables. For
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example, Re[d〈iLc〉1/dt] = y2 and Im[d〈iLc〉1/dt] = y3. Thus, y2 is composed of the real
terms and y3 of imaginary terms.

Equation (5.81) considers k = 0, which means that only the real part is considered.
The resulting equation is

dy1

dt
= Vin

Lc
+ (−1 +Dc)

Lc
y12 +

(
sin(Dc2π)

πLc

)
y13 +

(
−1 + cos(Dc2π)

πLc

)
y14 +

(
sin(Dc4π)

2πLc

)
y15

+
(
−1 + cos(Dc4π)

2πLc

)
y16 +

(
sin(Dc6π)

3πLc

)
y17 +

(
−1 + cos(Dc6π)

3πLc

)
y16.

(5.82)

The state variables are now described by the definitions, named by yi. One can
see that d〈iLc〉0/dt was replaced by dy1/dt.

Based on (5.71), the system has 77 state variables. This means that, manually
derive all the equations, is a cumbersome task. In this sense, the development of the
equations was performed based on an implementation of an algorithm. The algorithm
performs all the aforementioned steps for any harmonic k and returns the state-space
matrices. The algorithm code in high level of abstraction is described in Appendix F.

Some important notes about the construction of the large-signal model for the
Class-E2 converter are highlighted:

1. The input source Vin term must only appear in the differential equation related to
k = 0;

2. The summations can generate state-variables with index higher than kmax. In such
cases, those terms must be neglected.

The large-signal model of the system is represented by a state-space model. The
state-vector for the large-signal model is

x(t) = [y1, y2, y3, ...y77]T . (5.83)

The large-signal state-space model can be described as

ẋ(t) = AL77×77x(t) + BL77×1Vin. (5.84)

Due to the size of the matrices, their terms are detailed in Appendix G.
The solution of the large-signal model is given by

X = −A−1 ·BVin, (5.85)

in which X is the solution of the system in equilibrium (ERICKSON, 2000).
The solution of the large-signal model shows how the state variables behave in
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steady-state condition. In order to reconstruct the waveforms, the Fourier series should
be invoked as

x(t) = 〈X〉0 +
kmax∑
k=1

2
(
〈X〉kcos(kωst)− 〈X〉−ksin(kωst)

)
, (5.86)

being 〈X〉0 the solution of the system in equilibrium considering k = 0. In addition 〈X〉k
and 〈X〉−k represent the solutions for the other harmonics.

It is important to note that the large-signal was built based on the definitions yi.
This means, one should take care when applying (5.86) in a mathematical software. It
is because, the positions of the terms in the state vector, are not necessarily the same
provided by the summation in (5.86). In other words, subscript −k formally indicates the
harmonic. However, computationally it can indicate a vector position.

The large-signal model is going to be validate by a comparison between theoretical
and simulation results. The used parameters to numerically solve the large-signal model
are shown Table 5.1.

Table 5.1 – Parameters to numerically solve the large-signal model.

Parameter Value
Input voltage, Vin 6.25

Resonant inductor, Lr 22µH
Resonant capacitor, Cr 3.3nF
Inverter capacitor, C1 2.2nF
Choke inductor, Lc 260µH

Rectifier capacitor, C2 1.2nF
Output filter inductor, Lf 175µH
Output filter capacitor, Cf 25nF

Turns ratio, α 1.0
Load, RL 20 Ω

Duty cycle, Dc 0.5
Diode turn-on time, T1 0.659
Diode turn-off time, T2 4.620

The comparisons for the choke inductor current iLc , inverter capacitor voltage vC1 ,
resonant current iLr , resonant voltage vCr , rectifier capacitor voltage vC2 , output filter
inductor current iLf and output filter capacitor voltage vCf are shown in Figures 5.4-5.10.
Different time windows are considered in order to make easier the graphical validation of
the model.
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Figure 5.4 – Choke inductor current, iLc(t). (a) Time window: 9.5 − 12µs. (b) Time
window: 11− 11.4µs.
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Figure 5.5 – Inverter capacitor voltage, vC1(t). (a) Time window: 9.5 − 12µs. (b) Time
window: 11− 11.4µs.
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Figure 5.6 – Resonant current, iLr(t). (a) Time window: 9.5 − 12µs. (b) Time window:
11− 11.4µs.
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Figure 5.7 – Resonant voltage, vCr(t). (a) Time window: 9.5− 12µs. (b) Time window:
11− 11.4µs.
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Figure 5.8 – Rectifier capacitor voltage, vC2(t). (a) Time window: 9.5− 12µs. (b) Time
window: 11− 11.4µs.
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Figure 5.9 – Output filter inductor current, iLf (t). (a) Time window: 9.5 − 12µs. (b)
Time window: 11− 11.4µs.
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Figure 5.10 – Output filter capacitor voltage, vCf (t). (a) Time window: 9.5− 12µs. (b)
Time window: 11− 11.4µs.
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In order to clarify the harmonic content influence on the waveforms, the Fast
Fourier Transform (FFT) was applied into the Class-E2 converter waveforms. Figure 5.11
shows the amplitude of the normalized harmonic content AFFT for each harmonic k.

It can be seen in Figure 5.11(a) and Figure 5.11(c) that the capacitors C1 and C2

are influenced by the high-order harmonics. On the other hand, the resonant current is
mostly affected by k = 1. Finally, the high-order harmonics has almost no influence on
the output DC voltage, as depicted in Figure 5.11(d).
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Figure 5.11 – Harmonic content of the Class-E2 resonant converter. (a) Inverter capacitor
C1 voltage, vC1 . (b) Resonant current, iLr . (c) Rectifier capacitor C2 voltage,
vC2 . (d) Output voltage, vCf .

1.0
0.8
0.6
0.4
0.2

0 1 2 3 4 5
k

(AFFT)vC1

(a)

1.0
0.8
0.6
0.4
0.2

0 1 2 3 4 5
k

(AFFT)iLr

(b)

1.0
0.8
0.6
0.4
0.2

0 1 2 3 4 5
k

(AFFT)vC2

(c)

1.0
0.8
0.6
0.4
0.2

0 1 2 3 4 5
k

(AFFT)vCf

(d)

Source: Author.



5 GENERALIZED AVERAGED DYNAMIC MODEL 152

5.5 SMALL-SIGNAL MODEL

The small-signal model is derived from the large-signal model. For this purpose,
perturbations are inserted into the system’s variables and the non-linear second order
terms are neglected. The perturbation and linearization are performed based on Engleit-
ner (2011) and Erickson (2000). The perturbation in the input source, frequency and
state variables are given by

〈u(t)〉Ts = Vin + v̂in, (5.87)

〈ωs〉Ts = Ωs + ω̂s, (5.88)

and

〈y(t)〉Ts = Y + ŷ, (5.89)

in which: v̂in, ω̂s and ŷ are small variations in the input source, frequency and state
variables, respectively. Ωs is the operating frequency and Y is the equilibrium solution of
the large-signal model, which means Y = X. For clarification, Y is represented as

Y = [〈ILc〉k, 〈VC1〉k, 〈ILr〉k, 〈VCr〉k, 〈VC2〉k, 〈ILf 〉k, 〈VCf 〉k]T . (5.90)

The capital letters in (5.90) indicates the constant value from the equilibrium
solution of the large-signal model.

The small-signal model is represented by its state-space representation

˙̂x(t) = AS77×77x̂(t) + BS77×2ûd(t)2×1. (5.91)

The state-vector of the small-signal model is given as

x̂(t) = [ŷ1, ŷ2, ŷ3, ...ŷ77]T . (5.92)

ûd(t)2×1 represents the disturbances that can be added to evaluate the model. In
this case, frequency and input source are considered, thus

ûd(t)2×1 =
 ω̂s
v̂in

 . (5.93)

The state-space matrices are based on the differential equations after the pertur-
bation and linearization. The small-signal differential equations for the Class-E2 resonant
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converter are given by

d〈 ˆiLc〉k
dt

= v̂in
Lc
−

ic∑
i=−ic

〈s1〉i〈 ˆvC1〉k−i
Lc

− jkΩs〈 ˆiLc〉k − jkω̂s〈ILc〉k, (5.94)

d〈 ˆvC1〉k
dt

=
ic∑

i=−ic

〈s1〉i〈 ˆiLc〉k−i
C1

−
ic∑

i=−ic

〈s1〉i〈 ˆiLr〉k−i
C1

− jkΩs〈 ˆvC1〉k − jkω̂s〈VC1〉k, (5.95)

d〈 ˆiLr〉k
dt

=
ic∑

i=−ic

〈s1〉i〈 ˆvC1〉k−i
Lr

− 〈 ˆvCr〉k
Lr

− α
ic∑

i=−ic

〈s2〉i〈 ˆvC2〉k−i
Lr

− jkΩs〈 ˆiLr〉k − jkω̂s〈ILr〉k,

(5.96)

d〈 ˆvCr〉k
dt

= 〈
ˆiLr〉k
Cr

− jkΩs〈 ˆvCr〉k − jkω̂s〈VCr〉k, (5.97)

d〈 ˆvC2〉k
dt

= α
ic∑

i=−ic

〈s2〉i〈 ˆiLr〉k−i
C2

−
ic∑

i=−ic

〈s2〉i〈 ˆiLf 〉k−i
C2

− jkΩs〈 ˆvC2〉k − jkω̂s〈VC2〉k, (5.98)

d〈 ˆiLf 〉k
dt

=
ic∑

i=−ic

〈s2〉i〈 ˆvC2〉k−i
Lf

−
〈 ˆvCf 〉k
Lf

− jkΩs〈 ˆiLf 〉k − jkω̂s〈ILf 〉k, (5.99)

and

d〈 ˆvCf 〉k
dt

=
〈 ˆiLf 〉k
Cf

−
〈 ˆvCf 〉k
RLCf

− jkΩs〈 ˆvCf 〉k − jkω̂s〈VCf 〉k. (5.100)

In the same way of the large-signal model, (5.94)-(5.100) should be evaluated
considering k = [0...kmax]. The dynamic matrix is similar to the one developed for the
large-signal model. The difference is related to the term Ωs, which replaces ωs. In this
sense, one can resort the terms shown in Appendix G. The small-signal model input
matrix BS is detailed in Appendix H.

In order to validate the model, Fig. 5.12 shows a disturbance in the input source
applied into the output filter capacitor voltage. The considered disturbance is 1V .

Fig. 5.13 shows the same disturbance into the resonant current. Model is compared
to the simulation result.

Finally, a disturbance in the frequency is applied into the output filter capacitor
voltage, as shown in Fig. 5.14. The frequency disturbance is 20 kHz.
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Figure 5.12 – Output filter capacitor voltage, vCf (t) with disturbance in the input voltage,
v̂in = 1V (Time window: 200− 440µs).
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Figure 5.13 – Resonant current, iLr(t) with disturbance in the input voltage, v̂in = 1V
(Time window: 200− 400µs).
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Figure 5.14 – Output filter capacitor voltage, vCf (t) with disturbance in the frequency
(Time window: 100− 440µs).
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5.6 CONCLUSION

The dynamic model (AC model) was developed for the Class-E2 resonant DC-DC
converter in this Chapter. Due to the AC variables and waveforms with large ripple, the
standard averaged and switched models are not suitable for resonant converters. In this
sense, the generalized averaged model was used as methodology for the dynamic modeling.
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First, switching functions were considered to describe the system based on non-
linear differential equations. Subsequently, the convolution operator was applied between
the switching functions and state-variables, which led to a linear state-space model that
can be numerically solved. Additional steps were detailed in order to develop the large-
signal and small-signal models, like as: definitions of variables, separation of real and
imaginary parts, perturbation and linearization (small-signal model).

The reconstruction of the waveforms is based on the Fourier series. The large-
signal model was evaluated by a comparison of the theoretical and simulation results.
Furthermore, by applying disturbances in the frequency and the input voltage source, the
small-signal model was validated.

Even though the development of a closed-loop control system for the electro-
mechanical-acoustic CET system is out of scope of this Thesis, the developed dynamic
model can be used to understand how the disturbances affect the system’s variables. In
this case, considering the Class-E2 resonant converter as a topological representation of
the CET system.





6 RESULTS

The main achieved results are shown in this Chapter. The main results are related
to an evaluation of the developed models by comparing them to the experimental response
of the physical system. The models are validated in different scenarios regarding transfer
media and piezoelectric transducers.

This chapter also discusses the results related to the power conversion circuits
designed for the electro-mechanical-acoustic CET system. In this sense, printed circuit
boards (PCB) were developed to evaluate the designed converters.

6.1 COMPARISON BETWEEN MODELS AND EXPERIMENTAL RESPONSE

In this section, the results regarding the developed models are going to be compared
to the experimental response of the physical system. The experimental response is the
gain (dB) as function of the operating frequency (Hz).

The experimental response is obtained by means of the frequency analyzer FRA5087.
The physical system is the piezoelectric transmitter connected to the solid transfer media,
which is connected to the piezoelectric receiver. The frequency analyzer is connected, by
means of a BNC cable, in the input of the system (transmitter), and the output of the
system (receiver) is connected to the frequency analyzer.

First, the procedure to perform the comparison between the models and the ex-
perimental response is going to be shown in details considering one example by using a
cylindrical aluminium with length l = 100mm and radius R = 15mm. The coupling
factors are α1,2 = 0.044 and γ1,2 = 0.44. The piezoelectric transducers frequency is
f = 738 kHz. Subsequently, other comparisons are going to be shown for different scena-
rios of transfer media and transducers. The properties of the materials that are going to
be used are described in Table 6.1 and Table 6.2 for aluminium and steel, respectively.

Table 6.1 – Properties of the aluminium.

Parameter Value
Density, ρ 2710 kg/m3

Friction coefficient, µL 1.2m · Pa · s
Wave velocity, CL 6300m/s

Source: (ROSE, 2014; CHENG et al., 2014).
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Table 6.2 – Properties of the steel.

Parameter Value
Density, ρ 7832 kg/m3

Friction coefficient, µL 4.5m · Pa · s
Wave velocity, CL 5800m/s

Source: (ROSE, 2014; CHENG et al., 2014).

6.1.1 Results for aluminium - 100 mm length and 15 mm radius considering
738 kHz piezoelectric transducers

As a first comparison, the following theoretical and simulation results are going
to be used: multiphysical model based on lumped parameters (mathematical software),
equivalent electrical model (SPICE simulation) and PZT model (mathematical software).

The following experimental data are used: experimental raw data, experimental
data with a Gaussian filter and experimental data with a moving average filter (MAF).

The system has reflections due to the characteristics of the materials, especially
when considering metals. The experimental response of the system shows fluctuations in
the gain when the frequency is varied. For this reason, a Gaussian and a moving average
filters are used to smooth the data (SMITH, 2003).

The parameters for the 738 kHz piezoelectric transducers are described in Ta-
ble 6.3. The piezoelectric transducers were designed for the selected frequencies and some
parameters were given by the manufacturer and confirmed by measurement. The radius
and thickness of the piezoelectric component are r = 0.01m and tp = 0.003m.

Table 6.3 – Parameters for the f = 738 kHz piezoelectric transducers.

Parameter Description Value
M1,2 Piezoelectric mass 0.0075 kg
D1,2 Piezoelectric damper 696.373N · s ·m−1

K1,2 Piezoelectric stiffness 16.1× 1010N ·m−1

Cin,o Piezoelectric capacitance 22nF

The models are compared to the frequency response of the system that is obtained
by sweeping the operating frequency from 200 kHz to 1MHz. The comparison among ex-
perimental raw data, experimental data with Gaussian and moving average filter, SPICE
simulation, PZT model and multiphysical model is shown in Figure 6.1.

The SPICE simulation, PZT model and multiphysical model are in agreement to
each other. In addition, the models follow the behavior of the physical system when close
to the frequency of f = 738Hz.

It can be seen in Figure 6.1 that the experimental response has higher gain than
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Figure 6.1 – Experimental x Theoretical: Gain (dB) as function of frequency (Hz) for
f = 738Hz considering aluminium (l = 100mm; R = 15mm) as transfer
media.
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the models for frequencies below 600 kHz and especially in low frequencies (< 450 kHz).
In this case, the model can be enhanced by introducing the features of the developed
augmented-order model. Until now, the models shown in Figure 6.1 are analytical. The
augmented-order model can be considered as a semi-analytical model because it is deve-
loped based on the analytical state-space model. However, it is based on a comparison of
theoretical and experimental results in order to enhance desirable regions of the frequency
response.

The augmented-order model is going to be used to amplify the gain of the multiphy-
sical model for frequencies below 600 kHz while keeping the same gain of the multphysical
model for high frequencies. By allocating the constants as w1 = 0.1 and w2 = 0.02, which
are related to the relation of the angular resonant frequencies of the added elements in
the augmented-order model to the acoustical resonant frequency of the multiphysical mo-
del, it is possible to enhance the model. The comparison of theoretical and experimental
results including the augmented-order model is shown in Figure 6.2. In Figure 6.2(b),
a comparison of the experimental data with Gaussian filter and the model based on the
augmented-order model is depicted. The used parameters of the models are described in
Table 6.5.

The parameters for the models are shown in the end of this section. Note that
there are a sequence of Tables with the parameters for each of the comparisons that are
performed in this section.

Regarding the choice of w1 and w2, there are many techniques to allocate them.
They can be chosen based on the designer’s understanding of the system. In addition,
search and optimization algorithms can be used to find the values. However, such tech-
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Figure 6.2 – Experimental x Theoretical: Gain (dB) as function of frequency (Hz) for
f = 738Hz considering aluminium (l = 100mm; R = 15mm) as transfer
media.
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niques are out of the scope of this Thesis and are suggested as future works. In the next
subsections, the results for other transfer medias and transducers are going to be shown.
Later, an error analysis between the experimental data and the models is going to be
performed.

6.1.2 Results for aluminium - 200 mm length and 15 mm radius considering
738 kHz piezoelectric transducers

The same comparison in the previous subsection is going to be shown considering
the transfer media as a cylindrical aluminium element with l = 200mm and R = 15mm.
The comparison is shown in Figure 6.3, in which the experimental raw data, Gaussian
filter and moving average filter are compared to the models in Figure 6.3(a), and the
comparison between the augmented-order model and the filtered experimental data by
Gaussian filter is portrayed in Figure 6.3(b). The constants for the augmented-order
model are w1 = 0.1 and w2 = 0.03. The parameters for the models are described in
Table 6.6, in the end of this section.

6.1.3 Results for steel - 100 mm length and 15 mm radius considering 738 kHz
piezoelectric transducers

The analysis is now performed considering steel as transfer media. In this case,
the properties of the material lead to changes in the equivalent acoustical components.
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Figure 6.3 – Experimental x Theoretical: Gain (dB) as function of frequency (Hz) for
f = 738Hz considering aluminium (l = 200mm; R = 15mm) as transfer
media.
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The comparison between experimental and theoretical results are shown in Figure 6.4.

Figure 6.4 – Experimental x Theoretical: Gain (dB) as function of frequency (Hz) for
f = 738Hz considering steel (l = 100mm; R = 15mm) as transfer media.
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The constants for the augmented-order model are w1 = 0.01 and w2 = 0.05. The
parameters for the models are described in Table 6.7.
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6.1.4 Results for steel - 200 mm length and 15 mm radius considering 738 kHz
piezoelectric transducers

The length of the transfer media is going to be considered as l = 200m. The
comparison is shown in Figure 6.5.

Figure 6.5 – Experimental x Theoretical: Gain (dB) as function of frequency (Hz) for
f = 738Hz considering steel (l = 200mm; R = 15mm) as transfer media.
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The constants for the augmented-order model are w1 = 0.3 and w2 = 0.013. The
parameters for the models are described in Table 6.8.

6.1.5 Results for aluminium - 100 mm length and 15 mm radius considering
1040 kHz piezoelectric transducers

In order to evaluate different transducers, the models are going to be compared
to the experimental results considering piezoelectric transducers with main frequency of
1040 kHz. The parameters for the 1040 kHz piezoelectric transducers are described in
Table 6.4. It is considered r = 0.01m and tp = 0.003m.

The comparison between experimental and theoretical for this scenario is shown
in Figure 6.6. The comparison is also performed considering the experimental data (raw,
Gaussian and moving average filter) and the SPICE simulation, PZT, multiphysical and
augmented-order models. In addition, the comparison between the augmented-order mo-
del and the experimental data with Gaussian filter is highlighted.

The constants are w1 = 0.05 and w2 = 0.09. The parameters for the models are
described in Table 6.9. For the 1040 kHz piezoelectric transducer, the frequency sweeping
was performed from 450 kHz to 1250 kHz.
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Table 6.4 – Parameters for the f = 1040 kHz piezoelectric transducers.

Parameter Description Value
M1,2 Piezoelectric mass 0.0075 kg
D1,2 Piezoelectric damper 975.465N · s ·m−1

K1,2 Piezoelectric stiffness 3.171× 1011N ×m−1

Cin,o Piezoelectric capacitance 0.16nF

Figure 6.6 – Experimental x Theoretical: Gain (dB) as function of frequency (Hz) for
f = 1040Hz considering aluminium (l = 100mm; R = 15mm) as transfer
media.
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It can be seen that the predominant frequency is at 1040 kHz, which is the piezo-
electric transducers frequency. These results show that the model is able to consider the
system’s predominant frequency. In other words, the main frequency of the multiphysical
system.

6.1.6 Results for aluminium - 200 mm length and 15 mm radius considering
1040 kHz piezoelectric transducers

The same scenario of the previous subsection is considered for l = 200mm. The
results are shown in Figure 6.7.

The constants for the augmented-order model are w1 = 1.0 and w2 = 0.7. The
parameters for the models are described in Table 6.10 in the end of this section.
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Figure 6.7 – Experimental x Theoretical: Gain (dB) as function of frequency (Hz) for
f = 1040Hz considering aluminium (l = 200mm; R = 15mm) as transfer
media.

-70

-60

-50

-40

-30

-20

-10

0
600000 800000 1.0× 106 1.2× 106

G
(d
B
)

Frequency (Hz)

Experimental (Raw data)

Experimental (Gaussian)

Experimental (MAF)

SPICE Simulation

PZT Model

Multiphysical Model

Augmented-Order Model

Aluminium: l=200 mm, R=15 mm; f =1040 kHz

(a)

-70

-60

-50

-40

-30

-20

-10

0
600000 800000 1.0× 106 1.2× 106

G
(d
B
)

Frequency (Hz)

Experimental (Gaussian Filter)

Model (Augmented-Order Multiphys .-Lumped Components)

Aluminium: 2=100 mm, R=15 mm; f =738 kHz

(b)

Source: Author.

6.1.7 Results for steel - 100 mm length and 15 mm radius considering 1040 kHz
piezoelectric transducers

The comparison between theoretical and experimental results for the 1040 kHz
piezoelectric transducers considering steel as transfer media is portrayed in Figure 6.8.

Figure 6.8 – Experimental x Theoretical: Gain (dB) as function of frequency (Hz) for
f = 1040Hz considering steel (l = 100mm; R = 15mm) as transfer media.
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Source: Author.

The constants for the augmented-order model are w1 = 0.1 and w2 = 0.2. The
parameters for the models are described in Table 6.11.
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6.1.8 Results for steel - 200 mm length and 15 mm radius considering 1040 kHz
piezoelectric transducers

The results considering the length of the steel as 200mm for the 1040 kHz piezo-
electric transducers are shown in Figure 6.9.

Figure 6.9 – Experimental x Theoretical: Gain (dB) as function of frequency (Hz) for
f = 1040Hz considering steel (l = 200mm; R = 15mm) as transfer media.
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The constants for the augmented-order model are w1 = 0.1 and w2 = 0.0152. The
parameters for the models are described in Table 6.12.
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Table 6.5 – Parameters for the models: f = 738 kHz piezoelectric transducers considering
aluminium (l = 100mm; R = 15mm) as transfer media.

Parameter Description Value Model
Ma1 Equiv. acoustical mass 2.60× 10−6m4/kg Multiphysical
Na1 Equiv. acoustical compliance 6.57× 10−16m3/Pa Multiphysical
Za1 Equiv. acoustical friction 1.65× 10−7m · Pa · s Multiphysical
L1,2 Inductor 7.5mH SPICE
C1,2 Capacitor 6.2 pF SPICE
R1,2 Resistor 680 Ω SPICE
La Inductor 2.6µH SPICE
Ca Capacitor 0.00062 pF SPICE
Ra Resistor 0.16µΩ SPICE
Lpzt Inductor 199mH PZT
Cpzt Capacitor 0.22 pF PZT
Rpzt Resistor 18 kΩ PZT
w1 Design constant 0.1 Augmented
w2 Design constant 0.02 Augmented

Ma2,a3 Equiv. acoustical mass 2.60× 10−6m4/kg Augmented
Za2,a3 Equiv. acoustical friction 1.65× 10−7m · Pa · s Augmented
Na2 Equiv. acoustical compliance 1.31× 10−13m3/Pa Augmented
Na3 Equiv. acoustical compliance 1.46× 10−12m3/Pa Augmented

Table 6.6 – Parameters for the models: f = 738 kHz piezoelectric transducers considering
aluminium (l = 200mm; R = 15mm) as transfer media.

Parameter Description Value Model
Ma1 Equiv. acoustical mass 1.30× 10−6m4/kg Multiphysical
Na1 Equiv. acoustical compliance 1.31× 10−15m3/Pa Multiphysical
Za1 Equiv. acoustical friction 8.28× 10−8m · Pa · s Multiphysical
L1,2 Inductor 7.5mH SPICE
C1,2 Capacitor 6.2 pF SPICE
R1,2 Resistor 680 Ω SPICE
La Inductor 1.30µH SPICE
Ca Capacitor 0.0013 pF SPICE
Ra Resistor 0.082µΩ SPICE
Lpzt Inductor 199mH PZT
Cpzt Capacitor 0.22 pF PZT
Rpzt Resistor 27 kΩ PZT
w1 Design constant 0.1 Augmented
w2 Design constant 0.03 Augmented

Ma2,a3 Equiv. acoustical mass 1.30× 10−6m4/kg Augmented
Za2,a3 Equiv. acoustical friction 8.28× 10−8m · Pa · s Augmented
Na2 Equiv. acoustical compliance 1.31× 10−13m3/Pa Augmented
Na3 Equiv. acoustical compliance 1.46× 10−12m3/Pa Augmented
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Table 6.7 – Parameters for the models: f = 738 kHz piezoelectric transducers considering
steel (l = 100mm; R = 15mm) as transfer media.

Parameter Description Value Model
Ma1 Equiv. acoustical mass 0.902× 10−6m4/kg Multiphysical
Na1 Equiv. acoustical compliance 0.26× 10−15m3/Pa Multiphysical
Za1 Equiv. acoustical friction 4.41× 10−8m · Pa · s Multiphysical
L1,2 Inductor 7.5mH SPICE
C1,2 Capacitor 6.2 pF SPICE
R1,2 Resistor 680 Ω SPICE
La Inductor 0.90µH SPICE
Ca Capacitor 0.00024 pF SPICE
Ra Resistor 0.043µΩ SPICE
Lpzt Inductor 199mH PZT
Cpzt Capacitor 0.22 pF PZT
Rpzt Resistor 18 kΩ PZT
w1 Design constant 0.01 Augmented
w2 Design constant 0.05 Augmented

Ma2,a3 Equiv. acoustical mass 0.902× 10−6m4/kg Augmented
Za2,a3 Equiv. acoustical friction 4.41× 10−8m · Pa · s Augmented
Na2 Equiv. acoustical compliance 26.8× 10−13m3/Pa Augmented
Na3 Equiv. acoustical compliance 1.07× 10−13m3/Pa Augmented

Table 6.8 – Parameters for the models: f = 738 kHz piezoelectric transducers considering
steel (l = 200mm; R = 15mm) as transfer media.

Parameter Description Value Model
Ma1 Equiv. acoustical mass 0.45× 10−6m4/kg Multiphysical
Na1 Equiv. acoustical compliance 0.53× 10−15m3/Pa Multiphysical
Za1 Equiv. acoustical friction 2.20× 10−8m · Pa · s Multiphysical
L1,2 Inductor 7.5mH SPICE
C1,2 Capacitor 6.2 pF SPICE
R1,2 Resistor 680 Ω SPICE
La Inductor 0.45µH SPICE
Ca Capacitor 0.00051 pF SPICE
Ra Resistor 0.022µΩ SPICE
Lpzt Inductor 199mH PZT
Cpzt Capacitor 0.24 pF PZT
Rpzt Resistor 18 kΩ PZT
w1 Design constant 0.3 Augmented
w2 Design constant 0.013 Augmented

Ma2,a3 Equiv. acoustical mass 0.45× 10−6m4/kg Augmented
Za2,a3 Equiv. acoustical friction 2.20× 10−8m · Pa · s Augmented
Na2 Equiv. acoustical compliance 5.96× 10−15m3/Pa Augmented
Na3 Equiv. acoustical compliance 3.17× 10−12m3/Pa Augmented
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Table 6.9 – Parameters for the models: f = 1040 kHz piezoelectric transducers conside-
ring aluminium (l = 100mm; R = 15mm) as transfer media.

Parameter Description Value Model
Ma1 Equiv. acoustical mass 2.60× 10−6m4/kg Multiphysical
Na1 Equiv. acoustical compliance 6.57× 10−16m3/Pa Multiphysical
Za1 Equiv. acoustical friction 16.5× 10−8m · Pa · s Multiphysical
L1,2 Inductor 7.5mH SPICE
C1,2 Capacitor 3 pF SPICE
R1,2 Resistor 910 Ω SPICE
La Inductor 0.45µH SPICE
Ca Capacitor 0.00051 pF SPICE
Ra Resistor 0.022µΩ SPICE
Lpzt Inductor 199mH PZT
Cpzt Capacitor 0.24 pF PZT
Rpzt Resistor 18 kΩ PZT
w1 Design constant 0.05 Augmented
w2 Design constant 0.09 Augmented

Ma2,a3 Equiv. acoustical mass 2.60× 10−6m4/kg Augmented
Za2,a3 Equiv. acoustical friction 16.5× 10−8m · Pa · s Augmented
Na2 Equiv. acoustical compliance 2.62× 10−13m3/Pa Augmented
Na3 Equiv. acoustical compliance 8.11× 10−14m3/Pa Augmented

Table 6.10 – Parameters for the models: f = 1040 kHz piezoelectric transducers conside-
ring aluminium (l = 200mm; R = 15mm) as transfer media.

Parameter Description Value Model
Ma1 Equiv. acoustical mass 1.30× 10−6m4/kg Multiphysical
Na1 Equiv. acoustical compliance 1.31× 10−15m3/Pa Multiphysical
Za1 Equiv. acoustical friction 8.28× 10−8m · Pa · s Multiphysical
L1,2 Inductor 7.5mH SPICE
C1,2 Capacitor 3 pF SPICE
R1,2 Resistor 910 Ω SPICE
La Inductor 1.30µH SPICE
Ca Capacitor 0.0013 pF SPICE
Ra Resistor 0.082µΩ SPICE
Lpzt Inductor 199mH PZT
Cpzt Capacitor 0.11 pF PZT
Rpzt Resistor 16 kΩ PZT
w1 Design constant 1.0 Augmented
w2 Design constant 0.7 Augmented

Ma2,a3 Equiv. acoustical mass 1.30× 10−6m4/kg Augmented
Za2,a3 Equiv. acoustical friction 8.28× 10−8m · Pa · s Augmented
Na2 Equiv. acoustical compliance 1.31× 10−15m3/Pa Augmented
Na3 Equiv. acoustical compliance 2.68× 10−15m3/Pa Augmented
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Table 6.11 – Parameters for the models: f = 1040 kHz piezoelectric transducers conside-
ring steel (l = 100mm; R = 15mm) as transfer media.

Parameter Description Value Model
Ma1 Equiv. acoustical mass 9.02× 10−7m4/kg Multiphysical
Na1 Equiv. acoustical compliance 2.68× 10−16m3/Pa Multiphysical
Za1 Equiv. acoustical friction 4.41× 10−8m · Pa · s Multiphysical
L1,2 Inductor 7.5mH SPICE
C1,2 Capacitor 3 pF SPICE
R1,2 Resistor 910 Ω SPICE
La Inductor 0.90µH SPICE
Ca Capacitor 0.00027 pF SPICE
Ra Resistor 0.043µΩ SPICE
Lpzt Inductor 199mH PZT
Cpzt Capacitor 0.11 pF PZT
Rpzt Resistor 24 kΩ PZT
w1 Design constant 1.0 Augmented
w2 Design constant 0.7 Augmented

Ma2,a3 Equiv. acoustical mass 9.02× 10−7m4/kg Augmented
Za2,a3 Equiv. acoustical friction 4.41× 10−8m · Pa · s Augmented
Na2 Equiv. acoustical compliance 2.68× 10−14m3/Pa Augmented
Na3 Equiv. acoustical compliance 6.70× 10−15m3/Pa Augmented

Table 6.12 – Parameters for the models: f = 1040 kHz piezoelectric transducers conside-
ring steel (l = 200mm; R = 15mm) as transfer media.

Parameter Description Value Model
Ma1 Equiv. acoustical mass 4.51× 10−7m4/kg Multiphysical
Na1 Equiv. acoustical compliance 5.36× 10−16m3/Pa Multiphysical
Za1 Equiv. acoustical friction 2.20× 10−8m · Pa · s Multiphysical
L1,2 Inductor 7.5mH SPICE
C1,2 Capacitor 3 pF SPICE
R1,2 Resistor 910 Ω SPICE
La Inductor 0.45µH SPICE
Ca Capacitor 0.00051 pF SPICE
Ra Resistor 0.022µΩ SPICE
Lpzt Inductor 199mH PZT
Cpzt Capacitor 0.11 pF PZT
Rpzt Resistor 12 kΩ PZT
w1 Design constant 0.1 Augmented
w2 Design constant 0.0152 Augmented

Ma2,a3 Equiv. acoustical mass 4.51× 10−7m4/kg Augmented
Za2,a3 Equiv. acoustical friction 2.20× 10−8m · Pa · s Augmented
Na2 Equiv. acoustical compliance 5.36× 10−14m3/Pa Augmented
Na3 Equiv. acoustical compliance 2.32× 10−12m3/Pa Augmented
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6.2 ERROR ANALYSIS

In order to quantitatively evaluate the models, an error analysis is performed in
this section. The following error analysis techniques are used:

• Mean relative error (MRE);

• Standard deviation (σ);

• Quadratic error (q).

The mean relative error is calculated by

MRE(%) =
∣∣∣∣∣Exp(f)− Theo(f)

Exp(f)

∣∣∣∣∣× 100, (6.1)

in which Exp(f) is a function dependent of frequency f related to the gain curve of the
experimental response of the system and Theo(f) is a function dependent of frequency f
related to the gain curve of the theoretical results.

The standard deviation is used to measure the dispersion of a set of values. When
the values tend to be close to the mean, the standard deviation is low.

The standard deviation σ can be evaluated as

σ =

√√√√ 1
N

N∑
i=i

(xi − µ)2, (6.2)

being: N the number of elements, xi the element related to index i and µ is the mean
of the values. The standard deviation is expressed in the same units of the data. In this
case, it is going to be used to measure the dispersion of the error values.

The quadratic error is a technique to measure the error of a model. It can be
calculated as:

q =

√√√√ 1
N

N∑
i=1

(x̂i − xi)2, (6.3)

in which x̂i represents the theoretical values, xi the experimental values and N is the
number of elements.

The quadratic error represents the average squared difference between the the-
oretical and experimental values. The error analysis was performed by evaluating the
comparison between the experimental data with Gaussian filter and the theoretical re-
sults from the augmented-order multiphysical model based on lumped components.

The error analysis is conducted for all the results shown in the previous section.
The idea is to qualitatively validate the models by calculating the errors between expe-
rimental and theoretical in percentage, which gives a readable indicator for the proposed
method.
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The error analysis is summarized in Table 6.13.

Table 6.13 – Error analysis for the comparison experimental x theoretical.

Setup MRE σ q

Aluminium: l = 100mm; R = 15mm @738 kHz 10.61 % 10.73% 03.74 %
Aluminium: l = 200mm; R = 15mm @738 kHz 10.27 % 08.76% 03.48 %
Steel: l = 100mm; R = 15mm @738 kHz 06.95 % 05.74% 03.11 %
Steel: l = 200mm; R = 15mm @738 kHz 06.19 % 05.25% 03.53 %
Aluminium: l = 100mm; R = 15mm @1040 kHz 05.00 % 03.86% 02.23 %
Aluminium: l = 200mm; R = 15mm @1040 kHz 07.64 % 06.49% 02.99 %
Steel: l = 100mm; R = 15mm @1040 kHz 10.69 % 09.42% 05.69 %
Steel: l = 200mm; R = 15mm @1040 kHz 05.65 % 04.24% 02.89 %

The mean relative error indicator is less than 10.7 % for all the setups. The qua-
dratic error is less than 5.7 % for all the setups. The maximum mean relative error occurs
for the steel with l = 100mm and R = 15mm at 1040 kHz while the maximum quadratic
error occurs also for steel with l = 100mm and R = 15mm at 1040 kHz. The standard
deviation indicates the volatility of the values. This means that the lower the value, the
lower is the deviation of the values in comparison to their mean. The lower standard
deviation occurs for aluminium with l = 100mm and R = 15mm at 1040 kHz.

6.3 POWER CONVERSION CIRCUITRY

Based on the developed methodology in Chapter 4, two power conversion circuits
were designed and implemented in order to manage the power that is transfered through
the electro-mechanical-acoustic CET system.

One board includes the Class-E resonant rectifier designed as subsystem of the
Class-E2 topology in Chapter 4. The other board includes a Cockcroft-Walton multiplier.
The way to implement the standard formulas of the Cockcroft-Walton multiplier was to
put them into a genetic algorithm especially developed for this purpose. The genetic
algorithm is not considered as main part of this work. For this reason, it is detailed in
Appendix D. The choice of the converters is based on the idea of showing one example
for step-up applications (Cockcroft-Walton multiplier) and one for step-down applications
(Class-E resonant rectifier.)

A maximum power point tracking and a battery charger were included in both
boards. In order to match the impedances from the load and the electro-mechanical-
acoustic system, the AC-DC converter must regulate its input voltage to provide a range
that gets maximum power from the input. Due to the complexity of the system, it
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is expected that uncertainties or changing in the parameters occur. For example, the
transformation ratio can slightly vary due to the physical coupling between the transducers
and the media. This leads to a different voltage transfer function from the ultrasound
transmitter to the ultrasound receiver. In this sense, in order to develop a demonstrator
with practical functionalities, the MPPT and the battery charger circuits were included
in the boards.

The proposed solution for the MPPT circuit is a regulated buck-boost switched
regulator from Linear Technology, the LTC3331. The battery charger circuit is the inte-
grated circuit LTC4071.

The PCB layout of the developed system is depicted in Figure 6.10.

Figure 6.10 – Developed power conversion circuit. (a) AC-DC converter based on
Cockcroft-Walton multiplier. (b) AC-DC converter based on Class-E re-
sonant rectifier.
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The experimental setup is portrayed in Figure 6.11. The complete system is shown
in Figure 6.11(a) and the developed printed circuit boards in Figure 6.11(b).

6.3.1 Evaluation of the electro-mechanical-acoustic CET system with Class-E
resonant rectifier

The circuit was connected to the electro-mechanical-acoustic CET system. It was
considered a cylindrical aluminium media with length l = 100mm and radius R = 15mm.
The piezoelectric transmitter was driven by a power amplifier at 738 kHz. The rectifier
was designed based on the approach shown in Chapter 4. The design, considering a
nominal operating point, is described in Table 6.14.

In order to evaluate the contactless power transfer for different loads, the MPPT
and battery charger circuits were disconnected. The system was tested by measuring the
input voltage and current in the piezoelectric transmitter, vin and iin, the voltage and
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Figure 6.11 – Experimental setup. (a) Electro-mechanical-acoustic CET system connected
to power conversion circuits. (b) Developed printed circuit board.
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Table 6.14 – Specification and components for the designed Class-E resonant rectifier.

Specification / Component Value
Output voltage, Vo 2.5V

Load, RL 6000 Ω
Rectifier capacitor, C2 22nF

Output filter inductor, Lf 346µH
Output filter capacitor, Cf 13nF

current in the piezoelectric receiver, vrc and irc, and the load output voltage and load
output current, Vo and Io. Additionally, for the Class-E resonant rectifier, the voltage in
the capacitor C2, which is the diode voltage, was measured in order to validate the design
regarding the soft-switching operation. The output voltage Vo, output current Io, output
power Po and efficiency η as function of the load RL are shown in Figures 6.12(a)-6.12(d).
The input voltage was considered as Vinrms = 12V and the input power Pin = 0.318W .

It can be seen that the overall efficiency (η) is 3.2 %. The maximum power achi-
eved is 10mW . The Class-E was designed to operate with soft-switching condition. In
this sense, a comparison among theoretical (normalized model), SPICE simulation and
experimental is shown in Figure 6.13 regarding the voltage on the capacitor C2, vC2 . Note
that the theoretical chart was de-normalized in relation to the input voltage in order to
facilitate the comparison.

The same comparison is performed for the output voltage Vo, which is shown in
Figure 6.14.
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Figure 6.12 – Experimental results for the electro-mechanical-acoustic CET system with
resonant Class-E rectifier considering load variation (Pin = 0.318W ). (a)
Output voltage Vo. (b) Output current Io. (c) Output power Po. (d) Effici-
ency η.
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Figure 6.13 – Waveforms for the Class-E resonant rectifier - vC2 . (a) Theoretical. (b)
Simulation. (c) Experimental.
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Figure 6.14 – Waveforms for the Class-E resonant rectifier - Vo. (a) Theoretical. (b)
Simulation. (c) Experimental.
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6.3.2 Evaluation of the electro-mechanical-acoustic CET system with Cockcroft-
Walton multiplier

Considering the Cockcroft-Walton multiplier as rectifier, the results are going to be
shown. The parameters for the converter are shown in Table 6.15. The reference output
voltage is Vo = 2.8V and the load is RL = 1.2 kΩ.

The Cockcroft-Walton multiplier was designed based on the genetic algorithm de-
tailed in Appendix D. The design procedure includes the definition of the maximum
allowed output voltage ripple δVomax , which was selected as 179µV and the definition of
the diode voltage drop VD, which was set as 0.3V .

Table 6.15 – Designed Cockcroft-Walton multiplier.

Components Value
Capacitors, C1,2,4 5.6µF
Capacitor, C3 22nF
Capacitor, C5,6 6.8µF

The output voltage Vo, output current Io, output power Po and efficiency η as
function of the load RL are shown in Figures 6.15(a)-6.15(d). The input voltage was
considered as Vinrms = 12V and the input power Pin = 0.24W .

Figure 6.15(a) shows the output voltage Vo when load is varied from 0 to 140 kΩ.
It can be seen the raising behavior of the voltage when load is increased.

Figure 6.15(c) depicts the output power Po as function of load RL. The maximum
achieved power is around 27mW .

Efficiency η as function of load RL is shown in Figure 6.15(d). Maximum efficiency
is achieved considering load near to 20 kΩ. In this case, efficiency is around 12 %.

The experimental waveforms are shown for different loads in Figure 6.16. The re-
presented waveforms are: output voltage Vo, piezoelectric receiver current irc, piezoelectric
receiver voltage vrc and piezoelectric transmitter input voltage vin.

Figure 6.16(a)-Figure 6.16(d) are related to loads: 1.2 kΩ, 6.6 kΩ, 11 kΩ and 26 kΩ,
respectively. It is possible to achieve relatively high voltages with the Cockcroft-Walton
multiplier as shown in Figure 6.16(d).
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Figure 6.15 – Experimental results for the electro-mechanical-acoustic CET system with
Cockcroft-Walton multiplier considering load variation (Pin = 0.24W ). (a)
Output voltage Vo. (b) Output current Io. (c) Output power Po. (d) Effici-
ency η.
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Figure 6.16 – Experimental results for the electro-mechanical-acoustic CET system with
Cockcroft-Walton multiplier. (a) RL = 1.2 kΩ. (b) RL = 6.6 kΩ. (c) RL =
11 kΩ. (d) RL = 26 kΩ.
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6.4 COMPARISON WITH RELATED WORKS

The proposed model was compared to related works. In this regard, modeling
methodologies for acoustic CET systems are considered.

The comparison factors are: transfer media materials that were analyzed, transmis-
sion distance, frequency range, methodology, included domains and error. The quadratic
error was calculated based on the comparison of the model with the measured results. The
comparison is described in Table 6.16. For the error comparison, the augmented-order
multiphysical model was considered.

The present work is alongside works from Yang et al. (2018a) and Wilt et al. (2015)
regarding model error (< 5 %). Longest distance transmission is 300mm reported by Yang
et al. (2018b). Present work shows the second longest distance between transducers.

Works based on Leach’s model, impedance matrix and transfer matrix include only
the electrical domain. It is because they do not include the physical components of the
mechanical and acoustical domains into the modeling development (YANG et al., 2018a;
YANG et al., 2018b; BAO et al., 2007; WILT et al., 2015).

Finite element method reported by Lawry et al. (2009) includes all the domains.
However, its error is higher than the present work.

Present work and the impedance matrix methodology presented by Bao et al.
(2007) consider aluminium and steel as transfer media. The other reported works only
deal with steel for the acoustic media.

The highest reported frequency was 7Mhz in Wilt et al. (2015). This frequency
is the upper limit of the considered range. The present work overall frequency range
is 200 − 1250 kHz. However, this range is dependent of the operating frequency of the
transducers. Considering the 738 kHz transducers, the frequency range of the present
work is 200− 1000 kHz. On the other hand, for the 1040 kHz transducers, the frequency
range is 450− 1250 kHz.

Table 6.16 is an interesting resource to evaluate the present work based on the
literature. It is because, qualitative and quantitative factors are considered to highlight
the differences among methodologies.
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Table
6.16

–
C
om

parison
w
ith

related
works.

Work Medium Distance Frequency range Methodology Domains Error
Yang et al. (2018a) Steel 22mm 1− 3MHz Leach’s Model Electrical < 5 %
Lawry et al. (2009) Steel 57mm 0.9− 1.3MHz FEM All ≈ 8 %
Yang et al. (2018b) Steel 300mm 942− 945 kHz Impedance matrix Electrical -
Bao et al. (2007) Aluminium, steel 2mm, 4mm 300− 900 kHz Impedance matrix Electrical -
Wilt et al. (2015) Steel 74.8mm 2− 7MHz Transfer matrix Electrical < 5 %
Moss et al. (2008) Aluminium 1.6mm 600− 1300 kHz SPICE Electrical, acoustical ≈ 6 %

Present work Aluminium, steel 100mm, 200mm 200− 1250 kHz Multiphysics networks All < 5 %
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6.5 CONCLUSION

In this section, the results were presented in order to compare the developed models
with the experimental response of the system. Furthermore, an experimental investigation
of the power conversion circuits was conducted in order to evaluate the functionality of the
power management circuits developed for the electro-mechanical-acoustic CET system.

By means of an error analysis, it was shown that the models have less than 10.7 %
mean error and less than 5.7 % considering quadratic error. When connected to the power
conversion circuits, the overall system can achieve 12 % efficiency for step-up applications
by means of a Cockcroft-Walton multipler and 3.2 % efficiency for step-down applications
using a Class-E resonant rectifier.

The augmented-order multiphysical model has shown good agreement with the
physical system. The model can be considered as semi-analytical because it is developed
based on a previous comparison of the analytical model to the experimental response. It
is important to highlight that semi-analytical models have good acceptance for systems
with high complexity. Lenk et al. (2011) defined a flowchart for models development
that includes one stage of comparison between theoretical and experimental responses in
order to enhance the system. In this sense, even though the augmented-order multiphy-
sical model was not fully analytically developed, it still is a feasible resource to analyze
multiphysical systems.





7 CONCLUSION

This Doctoral Thesis has presented the development of a modeling methodology for
an electro-mechanical-acoustic contactless energy transfer system, especially when solids
are considered as transfer media. By using ultrasound waves, power can be wirelessly
transfered through air, living tissues and solids. This system can be used in low power
applications, like as sensor nodes in metal enclosures and bio-implantable medical devices.

In order to model the electro-mechanical-acoustic contactless energy transfer sys-
tem, it was proposed a multiphysical model based on lumped parameters. The model
includes three domains: electrical, mechanical and acoustical. The electrical domain is
analyzed by the Kirchhoff’s Laws of Circuits, the mechanical domain by the Newton’s
Laws of Motion and the acoustical domain by means of electro-acoustic and mechanical-
acoustic analogies.

The decomposition into unit-less parameters scheme was extended for multiphysics
networks and applied into the multiphysical model based on lumped parameters. This
allows to convert the real system parameters into unit-less parameters. Furthermore, by
means of an equivalent transformation, it is possible to normalize the system in relation
to the amplitude of the input source and the operating frequency in a systematical way.
These concepts lead to a normalized state-space model based on unit-less parameters,
which has the advantage of allowing the achievement of normalized gain curves that can
be used to understand the system without knowing the real system parameters.

An equivalent electrical model was presented and a piezoelectric transformer mo-
del was derived from it. It was shown that the multiphysical, electrical and piezoelectric
transformer model have agreement to each other. In this sense, the piezoelectric transfor-
mer model was used as part of the resonant tank in resonant topologies. These topologies
can be used to represent the system. The Class-E2 resonant converter was analyzed
and designed including the piezoelectric transformer representation of the multiphysical
system.

The AC model of the Class-E2 resonant converter as developed in this work. The
standard averaged and switched models are not suitable when the system has AC variables
and DC variables with large ripple. In this sense, the generalized averaged dynamic model
was used as methodology to develop the large-signal and small-signal models of the Class-
E2 resonant converter.

It was shown that the multiphysical model can be enhanced by comparing its
response to the experimental response of the system. This idea has resulted in the deve-
lopment of an augmented-order multiphysical model based on lumped parameters.

The models were compared to the experimental response of the system. An er-
ror analysis has shown that for the proposed setups, the maximum mean relative error
between theoretical and experimental was 10.69 % and the maximum quadratic error was
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5.69 %.
Qualitatively, it can be concluded that the multiphysical model based on lumped

parameters is able to include all the required power conversions: electrical-to-mechanical,
mechanical-to-acoustic, acoustic-to-mechanical and mechanical-to-electrical into a single
state-space representation. In addition, the model is analytically developed and included
the real system parameters. The electrical equivalent model is suitable for SPICE simu-
lations. However, the understanding of the real system components is diminished. The
piezoelectric transformer model is the simplest among the studied models. On the other
hand, it is useful to be included as part of resonant power converters. The augmented-
order multiphysical model has shown better accuracy than the other models. However,
it requires a previous comparison between theoretical and experimental responses to be
fully addressed.

A practical demonstrator was assembled, which included: ultrasound transmitter,
transfer media, ultrasound receiver and the power conversion circuitry. An experimental
investigation has demonstrated the feasibility of the proposed system by means of two
experimental setups: one including a resonant rectifier for step-down applications and one
including a Cockcroft-Walton multiplier for step-up applications.

The concepts used to develop the multiphysical models can be applied to analyze
systems that include electrical, mechanical and acoustical parts. For instance, miniaturi-
zed force sensors, loudspeakers, ultrasonic distance sensors, piezoelectric valves, machine
tool sensors and wireless power transfer are highlighted as applications that can be sur-
veyed.

7.1 PUBLISHED WORKS

The published works in journal / magazines are mentioned as follows:

1. Mendonça, L. S; Martins, L. T.; Radecker, M.; Bisogno, F. E.; Killat, D., “Normali-
zed Modeling of Piezoelectric Energy Harvester Based on Equivalence Transforma-
tion and Unit-Less Parameters", IEEE Journal of Microelectromechanical Systems,
Vol: 28, Issue: 4, June 2019.

2. Mendonça, L. S; Naidon, T. C.; De Freitas, G. G.; Martins, M. L. S; Bisogno, F. E,
“Energy-Based Normalization for Resonant Power Converters", IEEE Transactions
on Power Electronics, Vol: 33, Issue: 8, August 2018.

3. Mendonça, L. S; Cipriani, J. S.; Naidon, T. C; Bisogno, F. E., “Steady-State Analy-
sis and Design Methodology for Class-E2 Resonant DC/DC Converters based on a
Normalized State-Space Model", Revista Eletrônica de Potência (SOBRAEP), June
2020.
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4. Mendonça, L. S; Bisogno, F. E., “Resonance-Based Normalization Theory for Analy-
sis and Design of Resonant Power Converters", Revista Eletrônica de Potência (SO-
BRAEP), July 2019.

The works related to conferences are described as follows:

1. Mendonça L. S.; Naidon T. C.; Raposo R. F.; Bisogno, F. E., “An Unit-less Mathe-
matical Model for Analysis and Design of Class-E Resonant Converters", 2019 IEEE
15th Brazilian Power Electronics Conference and 5th IEEE Southern Power Elec-
tronics Conference (COBEP/SPEC), December 2019.

2. Mendonça L. S.; Radecker, M.; Killat, D.; Bisogno, F. E., “Normalized State-Space
Models of Resonant Rectifiers", 2019 Kleinheubach Conference, September 2019.

3. Mendonça L. S.; Radecker, M.; Killat, D.; Bisogno, F. E., “Ultrasound Piezo-
Harvester Energy Transfer Systems for Machine Tool Sensor-Charger Applications",
PCIM Europe 2019; International Exhibition and Conference for Power Electronics,
Intelligent Motion, Renewable Energy and Energy Management, July 2019.

7.2 FUTURE WORKS

Some ideas for the future works are pointed out as follows:

• Considering the augmented-order multiphysical model, a search and optmization or
genetic algorithms can be implemented to find the constants w1 and w2 of the added
acoustic networks;

• Development of a communication circuit to transfer information from sensors sup-
plied by the rectifier back to the transmitter side of the system. One idea is to use
a backscattering system to transmit information;

• Development of a control loop system in order to regulate the output voltage when
disturbances in the frequency occur;

• Evaluate the proposed models for cases in which the transfer media is a living tissue
in order to analyze the bio-implantable medical device applications;

• Include the model of the battery into the analysis of the rectifier circuits;

• Evaluation of the battery charging time by using the electro-mechanical-acoustic
CET system;

• Different testing conditions, like as misalignment between transducers and transfer
media.
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Appendix A – Generic Transfer Media Decomposition into Lumped Com-
ponentes

A.1 GENERIC TRANSFER MEDIA DECOMPOSITION INTO LUMPED COMPO-
NENTS

This appendix shows the decomposition of a transfer media into lumped com-
ponents considering n number of acoustic networks. In a generalized way, the transfer
media with n-networks is represented by the following state-space model: the state vector
is composed of the acoustic sound pressures and velocities

x(t) =



q1 0 0 0 0 0
0 . . . 0 0 0 0
0 0 qn

2
0 0 0

0 0 0 p1 0 0
0 0 0 0 . . . 0
0 0 0 0 0 pn

2


· (A.1)

The output vector is selected with all desirable variables divided by the acoustic
sound pressure amplitude Pin or acoustic sound velocity amplitude Qin

y(t) =
[

q1

Qin
, . . . ,

qn
2

Qin
,

p1

Pin
, . . . ,

pn
2

Pin

]T
· (A.2)

The state-space matrices are equated as

A =



− Za,1
Ma,1

0 0 0 − 1
Ma,1

0 0 0
0 − Za,2

Ma,2
0 0 1

Ma,2
− 1
Ma,2

0 0

0 0 . . . 0 0 . . . . . . 0
0 0 0 −

Za, n2
Ma, n2

0 0 1
Ma, n2

− 1
Ma, n2

1
Na,1

− 1
Na,1

0 0 0 0 0 0
0 1

Na,2
− 1
Na,2

0 0 0 0 0

0 0 . . . . . . 0 0 0 0
0 0 0 0 1

Na,n
0 0 − 1

Zo, n2



, (A.3)

B =
[

1
Ma,1

0 . . . 0
]T
, (A.4)
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C =



1
Qin

0 0 0 0 0
0 . . . 0 0 0 0
0 0 1

Qin
0 0 0

0 0 0 1
Pin

0 0
0 0 0 0 . . . 0
0 0 0 0 0 1

Pin


(A.5)

and
D =

[
0 . . . 0

]T
· (A.6)

A new vector space is described as

e(t) =



q1

√
Ma,1√

2 0 0 0 0 0

0 . . . 0 0 0 0

0 0 qn
2

√
Ma, n2√

2 0 0 0

0 0 0 p1

√
Na,1√

2 0 0

0 0 0 0 . . . 0

0 0 0 0 0 pn
2

√
Na, n2√

2


, (A.7)

which leads to

P = e(t) · x(t) =



√
Ma,1√

2 0 0 0 0 0

0 . . . 0 0 0 0

0 0
√
Ma, n2√

2 0 0 0

0 0 0
√
Na,1√

2 0 0

0 0 0 0 . . . 0

0 0 0 0 0
√
Na, n2√

2


· (A.8)

A new input matrix is equated by,

B =


1√

2Ma,1ω

...
0

 · (A.9)

The correction factor Γ is equated as

Γ =

√
2Ma,1ω

Pa
· (A.10)

By using the correction factor, matrix P is equated again. The new state-space



Appendix A – Generic Transfer Media Decomposition into Lumped Componentes 201

model is described by means of (3.70), (3.71), (3.72) and (3.73),

A =



− Za,1
ωMa,1

0 0 0 − ω−1√
Ma,1Na,1

0 0 0

− Za,2
ωMa,2

0 0 ω−1√
Ma,2Na,1

− ω−1√
Ma,2Na,2

0 0

0 0 . . . 0 0 . . . . . . 0
0 0 0 − Za,n

ωMa,n
0 0 ω−1√

Ma,nNa,n
− ω−1√

Ma,nNa,n

ω−1√
Ma,1Na,1

− ω−1√
Ma,2Na,1

0 0 0 0 0 0

0 ω−1√
Ma,2Na,2

− ω−1√
Ma,3Na,2

0 0 0 0 0

0 0 . . . . . . 0 0 0 0
0 0 0 0 ω−1√

Ma,nNa,n
0 0 − ω−1

Na,5Zo, n2



,

(A.11)

B =
[
1 0 . . . 0

]T
, (A.12)

C =



Pin
QinωMa,1

0 0 0 0 0 0
0 Pin

Qinω
√
Ma,1Ma,2

0 0 0 0 0

0 0 . . . 0 0 0 0
0 0 0 Pin

Qinω
√
Ma,1Ma,n

0 0 0

0 0 0 0 1
ω
√
Ma,1Na,1

0 0

0 0 0 0 0 . . . 0
0 0 0 0 0 0 1

ω
√
Ma,1Na,n


(A.13)

and
D =

[
0 . . . 0

]T
· (A.14)

The decomposition into unit-less parameters for the transfer media representation
is portrayed in Figure A.1:

The unit-less parameters are equated as

O1 = ω1

ω
, (A.15)

O2 = ω2

ω
, (A.16)

On−1 = ωn−1

ω
, (A.17)
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Figure A.1 – Decomposition into unit-less parameters for the transfer media representa-
tion.
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Source: Author.

On = ωn
ω
, (A.18)

Qa,1 = ω1Ma,1

Za,1
= 1
ω1Na,1Za,1

, (A.19)

Qa,2 = ω2Ma,2

Za,2
= 1
ω2Na,2Za,2

, (A.20)

Qa,n = ωnMa,n

Za,n
= 1
ωnNa,nZa,n

, (A.21)

Qo = Zo
ωnNa,n

= ωnNa,nZo, (A.22)

TPOT = 1
a

= ZoQin

Pin
, (A.23)

in which, the angular resonant frequencies ω1, ω2, ωn−1 and ωn are given by

ω1 = 1√
Ma,1Na,1

, (A.24)

ω2 = 1√
Ma,2Na,2

, (A.25)

ωn−1 = 1√
Ma,n−1Na,n−1

(A.26)

and
ωn = 1√

Ma,nNa,n

· (A.27)
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The terms of the state-space matrices are converted into unit-less parameters by
means of (A.15)-(A.27). The normalized state-space model for the transfer media with
n-networks is represented by

E =



−O1
Q1

0 0 0 −O1 0 0 0
−O2
Q2

0 0 O2 −O3 0 0
0 0 . . . 0 0 . . . . . . 0
0 0 0 −

On
2

Qn
2

0 0 On−1 −On

O1 −O2 0 0 0 0 0 0
0 O3 −O4 0 0 0 0 0
0 0 . . . . . . 0 0 0 0
0 0 0 0 On 0 0 −On

Qo



, (A.28)

F =
[
1 0 . . . 0

]T
, (A.29)

G =



aQo

∏n

i=1 O
2
2i−1∏n−1

i=1 O2
2i

0 0 0 0 0 0

0 aQo

∏1
i=1 O2i−1

∏n

i=2 O
2
2i−1∏1

i=1 O2i
∏n−1
i=2 O2

2i
0 0 0 0 0

0 0 . . . 0 0 0 0
0 0 0 aQo

∏n

i=1 O2i−1∏n−1
i=1 O2i

0 0 0

0 0 0 0 O1 0 0
0 0 0 0 0 . . . 0
0 0 0 0 0 0

∏n

i=1 O2i−1∏n−1
i=1 O2i


(A.30)

and
H =

[
0 . . . 0

]T
· (A.31)

The linear system to be solved is described as follows:



q1(2π)[O1,O2,...,On,Q1,Q2,...,Qn,q1(0),...,qn(0),p1(0),...,pn(0),Qo]...
qn(2π)[O1,O2,...,On,Q1,Q2,...,Qn,q1(0),...,qn(0),p1(0),...,pn(0),Qo]

p1(2π)[O1,O2,...,On,Q1,Q2,...,Qn,q1(0),...,qn(0),p1(0),...,pn(0),Qo]...
pn(2π)[O1,O2,...,On,Q1,Q2,...,Qn,q1(0),...,qn(0),p1(0),...,pn(0),Qo]


=



q1(0)
...

qn(0)
p1(0)
...

pn(0)


· (A.32)
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Appendix B – Proofs

B.1 PROOF OF LEMMA 1

Lemma 1. The multiplication of the state and input matrices from a generic
state-space model in (3.5) and (3.6) by a linear operator, proportionally modifies the in-
dependent variable of the derivative operator and the argument of the related function.

Proof: Consider a generic state-space model described by:

dx(t)
dt

= Akx(t) + Bku(t) = d

dt


x1(t)
...

xm(t)

 =


a11 . . . a1n
... . . . ...
am1 · · · amn




x1(t)
...

xm(t)

+


b1
...
bm

u(t). (B.1)

The model in (B.1) can be described by a set of differential equations:

dx1(t)
dt

= a11x1(t)...a1nxm(t) + b1u(t)
...

dxm(t)
dt

= am1x1(t)...amnxm(t) + bmu(t).
(B.2)

By multiplying the state and input matrices by 1
ω
gives

1
ω

Ai =


a11
ω

. . . a1n
ω... . . . ...

am1
ω
· · · amn

ω

 (B.3)

and

1
ω

Bi =


b1
ω...
bm
ω

u(t). (B.4)

If (B.3) and (B.4) are true for any values of the terms of the matrices, then, the
term 1

ω
is a linear operator and the following relation is true:

ẋ(t) = dx(t)
dt
⇔ 1

ω
ẋ(t) = dx(ωt)

dωt
(B.5)

This operation modifies the independent variable time t to frequency ωt. By means
of such operation, the system is normalized by the frequency.

�
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B.2 PROOF OF THEOREM 1

Theorem 1. A generic system described by a state-space model x(t) = Ax(t)+Bu
and y(t) = Cx(t) + Du can be represented as a dimensionless model normalized by the
input source and the operating frequency by using the transfer power ratio and the reso-
nance among the storage elements.

Proof: Considering Axiom 1 -Axiom 15, a system can be interpreted by means of the re-
lationships among storage elements and the system’s quality factors. Considering Lemma
1, a system can be normalized by the operating angular frequency. An equivalence trans-
formation P can be used to modify the vector space of a system, also, it can be used
to normalize the system in relation to the input source, as shown in (3.77), which does
not interfere in the state matrix. The system parameters can be converted into unit-less
parameters using (3.84)-(3.100).

�
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Appendix C – Class-D2 Resonant Converter

C.1 CLASS-D2 RESONANT CONVERTER

The Class-D2 resonant converter is other topology that can be used to analyze
the electro-mechanical-acoustic CET system. It is composed of a Class-D inverter and a
Class-D rectifier, which are connected in the equivalent model of the multiphysical system.

The converter is shown in Figure C.1(a) and the CET system in Figure C.1(b).

Figure C.1 – Class-D2 resonant power conversion system. (a) Class-D2 resonant converter.
(b) Electro-mechanical-acoustic CET system based on Class-D2 topology.
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The converter is composed of: input voltage source Vin, switch S1, switch S2,
resonant inductor Lr, resonant capacitor Cr, diode D1, diode D2, output capacitor Cf
and load RL. The circuit variables are: iLr , inductor Lr current; vCr , capacitor Cr voltage;
vCf , capacitor Cf voltage; iS1 , switch S1 current; iS2 , switch S2 current; vS1 , switch S1
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voltage; vS2 , switch S2 voltage; iD1 , diode D1 current; iD2 , diode D2 current; vD1 , diode
D1 voltage; vD2 , diode D2 voltage; io, output current; and Vo, output voltage.

Due to the capacitor C1 from the equivalent electrical model of the multiphysics
system, the input voltage source Vin is replaced by a input current source Iin as shown
in Figure C.1(b). In order to evaluate the system considering input voltage to output
voltage transfer function, Iin and C1 are replaced by a voltage constant source Vin. This
assumption is shown in Figure C.2.

Figure C.2 – Assumption for the input source of the Class-D2 resonant DC-DC converter.

Iin

S1

S2

S1

S2

Vin

C1

Source: Author.

When D1 is on and D2 is off, capacitor C2 in Figure C.1(b) is short-circuited.
When D1 is off and D2 is on, capacitor C2 has parallel connection to Cf . In this sense,
they can be combined into a single capacitor, which determines one resonant frequency
with Lf . This assumption is shown in Figure C.3.

Figure C.3 – Assumption for the output capacitor of the Class-D2 resonant DC-DC con-
verter.

D1

Cf

Lr Cr

C2

r1 r2

Ceq

Aeq

Source: Author.

Based on that, the converter is going to be analyzed considering the following
assumptions:
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1. The input current source Iin and the capacitor C1 are replaced by a constant voltage
source Vin;

2. The capacitors C2 and Cf are combined into a single capacitor Ceq;

3. The switches S1 and S2 and diodesD1 andD2 off states are modeled as a open-circuit;

4. The switches S1 and S2 and diodes D1 and D2 on states are modeled as a short-
circuit;

5. The transformer is considered as an ideal component.

The model for the converter is depicted in Figure C.4.

Figure C.4 – Class-D2 resonant DC-DC converter model.
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Source: Author.

The converter has four operating modes. At mode I, S1 and D1 are on and S2 and
D2 are off. The mode occurs from 0 to T1, being T1 the time that the mode ends. The
circuit for mode I is shown in Figure C.5.

Figure C.5 – Class-D2 resonant DC-DC converter - Operating mode I: S1 and D1 on; S2
and D2 off.
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Source: Author.
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The converter is governed by the following differential equations:

diLr(t)
dt

= Vin
Lr
− vC1(t)

Lr
, (C.1)

dvCr(t)
dt

= iLr(t)
Cr

, (C.2)

and
dvCeq(t)
dt

= −vCeq(t)
RLCeq

. (C.3)

At mode II, S1 and D2 are on and S2 and D1 are off. The mode ends at Dc2π.
The circuit is depicted in Figure C.6.

Figure C.6 – Class-D2 resonant DC-DC converter - Operating mode II: S1 and D2 on;
S2 and D1 off.
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Source: Author.

The following equations are considered:

diLr(t)
dt

= Vin
Lr
− vC1(t)

Lr
− α

vCeq(t)
Lr

, (C.4)

dvCr(t)
dt

= iLr(t)
Cr

, (C.5)

and
dvCeq(t)
dt

= α
iLr(t)
Ceq

−
vCeq(t)
RLCeq

. (C.6)

At mode III, S2 and D2 are on and S1 and D1 are off. The mode occurs from
Dc2π to T2, being T2 the time in which the mode ends. The circuit is shown in Figure C.7.

The converter is governed by:

diLr(t)
dt

= −vC1(t)
Lr

− α
vCeq(t)
Lr

, (C.7)
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Figure C.7 – Class-D2 resonant DC-DC converter - Operating mode III: S2 and D2 on;
S1 and D1 off.

Lr Cr
r

+ -
vCr

-

+

io

vCeq

RL

-

+

iL

Vo
Ceq

i1 i2

v1 v2
++

--

Source: Author.

dvCr(t)
dt

= iLr(t)
Cr

, (C.8)

and
dvCeq(t)
dt

= α
iLr(t)
Ceq

−
vCeq(t)
RLCeq

. (C.9)

At mode IV , S2 and D1 are on and S1 and D2 are off. The mode ends at 2π. The
circuit is shown in Figure C.8.

Figure C.8 – Class-D2 resonant DC-DC converter - Operating mode IV : S2 and D1 on;
S1 and D2 off.
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Source: Author.

The differential equations are:

diLr(t)
dt

= −vC1(t)
Lr

, (C.10)
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dvCr(t)
dt

= iLr(t)
Cr

, (C.11)

and
dvCeq(t)
dt

= −vCeq(t)
RLCeq

. (C.12)

The state vector x(t) and output vector y(t) are written as

x(t) =
[
iLr , vCr , vCeq

]T
(C.13)

and

y(t) =
[ iLr

Iin
,

vCr

Vin
,

vCeq

Vin
,

iS1

Iin
,

iS2

Iin
,

iD1

Iin
,

iD2

Iin
,

vS1

Vin
,

vS2

Vin
,

vD1

Vin
,

vD2

Vin
,

iin

Iin

]T
. (C.14)

The input is u(t) = Vin. The system representation based on (4.18) and (4.19) is
given by the following matrices:

AI =


0 − 1

Lr
0

1
Cr

0 0
0 0 −RL

C2

 , (C.15)

BI =


1
Lr

0
0

 , (C.16)

AII =


0 − 1

Lr
− α
Lr

1
Cr

0 0
α
C2

0 − 1
RLC2

 , (C.17)

BII =


1
Lr

0
0

 , (C.18)

AIII =


0 − 1

Lr
− α
Lr

1
Cr

0 0
α
C2

0 − 1
RLC2

 , (C.19)

BIII =


0
0
0

 , (C.20)

AIV =


0 − 1

Lr
0

1
Cr

0 0
0 0 −RL

C2

 , (C.21)



Appendix C – Class-D2 Resonant Converter 213

BIV =


0
0
0

 , (C.22)

CI =


1
Iin

0 0 0 0 1
Iin

0 0 − 1
Iin

0 0 1
Iin

0 1
Vin

0 0 0 0 0 0 0 0 0 0
0 0 1

Vin
0 0 0 0 0 0 1

Vin
0 0


T

, (C.23)

CII =


1
Iin

0 0 0 0 1
Iin

0 1
Iin

0 0 0 1
Iin

0 1
Vin

0 0 0 0 0 0 0 0 0 0
0 0 1

Vin
0 0 0 0 0 0 0 − 1

Vin
0


T

, (C.24)

CIII =


1
Iin

0 0 0 0 0 − 1
Iin

1
Iin

0 0 0 1
Iin

0 1
Vin

0 0 0 0 0 0 0 0 0 0
0 0 1

Vin
0 0 0 0 0 0 0 − 1

Vin
0


T

, (C.25)

CIV =


1
Iin

0 0 0 0 0 − 1
Iin

0 − 1
Iin

0 0 1
Iin

0 1
Vin

0 0 0 0 0 0 0 0 0 0
0 0 1

Vin
0 0 0 0 0 0 − 1

Vin
0 0


T

, (C.26)

DI =
[
0 0 0 0 0 0 0 0 1

Vin
0 0 0

]T
, (C.27)

DII =
[
0 0 0 0 0 0 0 0 1

Vin
0 0 0

]T
, (C.28)

DIII =
[
0 0 0 0 0 0 0 1

Vin
0 0 0 0

]T
(C.29)

and
DIV =

[
0 0 0 0 0 0 0 1

Vin
0 0 0 0

]T
. (C.30)

The new vector space e(t) is defined based on the square roots of the storage energy
in the reactive components

e(t) =


iLr
√
Lr√
2 0 0

0 vCr
√
Cr√
2 0

0 0 vCeq

√
Ceq√
2

 , (C.31)

which leads to

P = e(t) · x(t) =


√
Lr√
2 0 0

0
√
Cr√
2 0

0 0
√
Ceq√
2

 · (C.32)
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The new input matrix is calculated as

BI = 1
ω

PBI , (C.33)

which gives
BI =

[
1√

2Lrω
0 0

]T
. (C.34)

The correction factor Γ is:

Γ =
√

2Lrω
Vin

· (C.35)

The new state-space model is equated by means of (3.70), (3.71), (3.72) and (3.73),
which leads to

AI =


0 − 1√

LrCrω
0

1√
LrCrω

0 0
0 0 − 1

C2RLω

 , (C.36)

BI =
[

1
Vin

0 0
]T
, (C.37)

AII =


0 − 1√

LrCrω
− α√

LrCeq

1√
LrCr

0 0
α

LrCeq
0 − 1

CeqRLω

 , (C.38)

BII =
[

1
Vin

0 0
]T
, (C.39)

AIII =


0 − 1√

LrCrω
− α√

LrCeqω

1√
LrCrω

0 0
α

LrCeq
0 − 1

CeqRLω

 , (C.40)

BIII =
[
0 0 0

]T
, (C.41)

AIV =


0 − 1√

LrCrω
0

1√
LrCr

0 0
0 0 − 1

CeqRLω

 , (C.42)

BIV =
[
0 0 0

]T
, (C.43)
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CI =


Vin

IinLrω
0 0 0 0 Vin

IinLrω
0 0 Vin

IinLrω
0 0 Vin

IinLrω

0 1√
LrCrω

0 0 0 0 0 0 0 0 0 0
0 0 1√

LrCeqω
0 0 0 0 0 0 1√

LrCeq
0 0


T

,

(C.44)

CII =


Vin

IinLrω
0 0 0 0 Vin

IinLrω
0 Vin

IinLrω
0 0 0 Vin

IinLrω

0 1√
LrCr

0 0 0 0 0 0 0 0 0 0
0 0 1√

LrCeq
0 0 0 0 0 0 0 − 1√

LrCeq
0


T

,

(C.45)

CIII =


Vin

IinLrω
0 0 0 0 0 − Vin

IinLrω
Vin

IinLrω
0 0 0 Vin

IinLrω

0 1
LrCr

0 0 0 0 0 0 0 0 0 0
0 0 1

LrCeq
0 0 0 0 0 0 0 − 1

LrCeq
0


T

,

(C.46)

CIV =


Vin

IinLrω
0 0 0 0 0 − Vin

IinLrω
0 − Vin

IinLrω
0 0 Vin

IinLrω

0 1
LrCr

0 0 0 0 0 0 0 0 0 0
0 0 1

LrCeq
0 0 0 0 0 0 − 1

LrCeq
0 0


T

,

(C.47)

DI =
[
0 0 0 0 0 0 0 0 1

Vin
0 0 0

]T
, (C.48)

DII =
[
0 0 0 0 0 0 0 0 1

Vin
0 0 0

]T
, (C.49)

DIII =
[
0 0 0 0 0 0 0 1

Vin
0 0 0 0

]T
(C.50)

and
DIV =

[
0 0 0 0 0 0 0 1

Vin
0 0 0 0

]T
. (C.51)

In order to represent the system independently of real system parameters, the unit-
less parameters should be extracted. The normalized resonant frequencies A1 and A2 are
equated as function of the reactive components as

A1 = ω1

ω
, (C.52)

A2 = ω2

ω
, (C.53)
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ω1 = 1√
LrCr

(C.54)

and
ω2 = 1√

LrCeq
. (C.55)

The quality factor QL is equated by:

QL = RL

ω2Lr
= ω2CeqRL. (C.56)

The transfer power ratio TPOT and its inverse a are given as

TPOT = 1
a

= RLIin
Vin

. (C.57)

Based on the aforementioned relationships, the system can be described as a
normalized-state space model (4.56) and (4.57):

EI =


0 −A1 0
A1 0 0
0 0 − A2

QL

 , (C.58)

FI =
[
1 0 0

]T
, (C.59)

EII =


0 −A1 −αA2

A1 0 0
αA2 0 − A2

QL

 , (C.60)

FII =
[
1 0 0

]T
, (C.61)

EIII =


0 −A1 −αA2

A1 0 0
αA2 0 − A2

QL

 , (C.62)

FIII =
[
0 0 0

]T
, (C.63)

EIV =


0 −A1 0
A1 0 0
0 0 − A2

QL

 , (C.64)

FIV =
[
0 0 0

]T
, (C.65)
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GI =


aQLA2 0 0 0 0 aQLA2 0 0 aQLA2 0 0 aQLA2

0 A1 0 0 0 0 0 0 0 0 0 0
0 0 A2 0 0 0 0 0 0 A2 0 0


T

, (C.66)

GII =


aQLA2 0 0 0 0 aQLA2 0 aQLA2 0 0 0 aQLA2

0 A1 0 0 0 0 0 0 0 0 0 0
0 0 A2 0 0 0 0 0 0 0 −A2 0


T

, (C.67)

GIII =


aQLA2 0 0 0 0 0 −aQLA2 aQLA2 0 0 0 aQLA2

0 A1 0 0 0 0 0 0 0 0 0 0
0 0 A2 0 0 0 0 0 0 0 −A2 0


T

, (C.68)

GIV =


aQLA2 0 0 0 0 0 −aQLA2 0 −aQLA2 0 0 aQLA2

0 A1 0 0 0 0 0 0 0 0 0 0
0 0 A2 0 0 0 0 0 0 −A2 0 0


T

,

(C.69)

DI =
[
0 0 0 0 0 0 0 0 1 0 0 0

]T
, (C.70)

DII =
[
0 0 0 0 0 0 0 0 1 0 0 0

]T
, (C.71)

DIII =
[
0 0 0 0 0 0 0 1 0 0 0 0

]T
(C.72)

and
DIV =

[
0 0 0 0 0 0 0 1 0 0 0 0

]T
. (C.73)

The same procedure used to solve the Class-E2 converter is applied for the Class-D2.
However, the linear system is composed by different relations. The following steady-state
conditions are considered:

• iLr(2π) = iLr(0) (steady-state condition);

• vCr(2π) = vCr(0) (steady-state condition);

• vCeq(2π) = vCeq(0) (steady-state condition);

• αiLr(T1) = 0 (steady-state condition);

• αiLr(T2) = 0 (steady-state condition).
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The linear system is equated as:


iLr(2π)[A1,A2,QL,iLr (0),vCr (0),vCeq (0),Dc,T1,T2]

vCr(2π)[A1,A2,QL,iLr (0),vCr (0),vCeq (0),Dc,T1,T2]

vCeq(2π)[A1,A2,QL,iLr (0),vCr (0),vCeq (0),Dc,T1,T2]

αiLr(T1)[A1,A2,QL,iLr (0),vCr (0),vCeq (0),Dc,T1,T2]

αiLr(T2)[A1,A2,QL,iLr (0),vCr (0),vCeq (0),Dc,T1,T2]


=



iLr(0)
vCr(0)
vCeq(0)

0
0


(C.74)

The system has 5 equations and 9 variables. By performing a parameter sweep on
Dc and defining A1, A2 and QL, it is possible to find initial conditions iLr(0), vCr(0) and
vCeq(0). Also, T1 and T2 can be found.

The inverse transfer power ratio a appears only in the transmission matrices. For
this reason, it is not included in the linear system. However, to solve the output equations,
it is necessary a numerical value for a, which can be calculated by

1
a

= TPOT = 1
2π

∫ 2π

0
vCeq(ωt)dωt, (C.75)

in which, vCeq is used as output voltage.
Based on the presented approach, the normalized waveforms for the Class-D2 re-

sonant DC-DC converter are shown in Figures C.9 and C.10, considering Dc = 0.25 and
Dc = 0.5, respectively. It was considered A1 = 1.1, A2 = 0.2 and QL = 3.5.

The phase diagrams for different values of Dc are depicted in Figure C.11. For all
phase diagrams, iLr/Iin and vCr/Iin were considered as variables.

The normalized and component stress curves are shown in Figure C.12. The curves
in Figures C.12(a)-(g) are evaluated as function of duty cycleDc and in Figures C.12(h),(i)
as function of quality factor QL. In addition, the curves are represented for different values
of α. It can be seen in Figure C.12(a) that TPOT is higher for values close to Dc = 0.5 for
any value of α. However, for Dc = 0.5, the diodes D1 and D2 peak voltages are greater
than other values for Dc. In Figure C.12(h) and Figure C.12(i), it can be seen that the
greater the quality factor QL, greater TPOT and Vorms/Vin.
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Figure C.9 – Normalized waveforms for the Class-D2 resonant DC-DC converter for Dc =
0.25. (a)-(f) Circuit variables.
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Figure C.10 – Normalized waveforms for the Class-D2 resonant DC-DC converter for
Dc = 0.5. (a)-(f) Circuit variables.
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Figure C.11 – Phase diagrams for the Class-D2 resonant DC-DC converter. (a) Dc = 0.3.
(b) Dc = 0.35. (c) Dc = 0.4. (d) Dc = 0.45. (e) Dc = 0.5. (f) Dc = 0.55. (g)
Dc = 0.6. (h) Dc = 0.65. (i) Dc = 0.7.
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Figure C.12 – Normalized gain and component stress curves for the Class-D2 converter:
(a) Transfer power ratio TPOT as function of Dc. (b) Switch S1 peak current
IS1peak

/Iin as function ofDc. (c) Switch S2 peak current IS2peak
/Iin as function

of Dc. (d) Diode D1 peak voltage VD1peak
/Vin as function of Dc. (e) Diode D2

peak voltage VD2peak
/Iin as function of Dc. (f) Output voltage - rms Vorms/Vin

as function of Dc. (g) Ripple in the output voltage ∆Vo/Vin as function of
Dc. (h) Transfer power ratio TPOT as function of QL. (i) Output voltage -
rms Vorms/Vin as function of QL.
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Appendix D – Evolutionary Genetic Algorithm for Design of Cockcroft-
Walton Circuits

D.1 EVOLUTIONARY GENETIC ALGORITHM FOR DESIGN OF COCKCROFT-
WALTON CIRCUITS

Genetic algorithm is a method for solving problems based on the biological evo-
lution process. The main events of this method are the natural selection, crossover and
mutation (MELANIE, 1999).

Although the method can be applied in several research areas, for each application
it is necessary to adequate the method by considering the specifications, restrictions,
complexity and required accuracy. In this work, the developed algorithm is applied for
the topology shown in Figure 4.18. The algorithm can be considered as novelty in the
literature regarding the design of the converter.

In order to design the Cockcroft-Walton AC-DC multiplier, an evolutionary genetic
algorithm is proposed.

The algorithm main inputs are:

• Input voltage source peak value, Vin;

• Input source frequency, f ;

• Output power, Po;

• Reference output voltage, Vo;

• Diodes voltage drop, VD;

• Maximum allowed output voltage ripple, δVomax ;

• Maximum total capacitance, CTOTmax ;

• Maximum number of stages, nmax.

The idea is to generate several sets with random values for the capacitors. Each
set is called candidate solution or family with genotype represented by the capacitors
values. The analytical equations (4.94), (4.95) and (4.96) are evaluated for each candidate
solution.

The main events of the genetic algorithm are represented in Figure D.1. It is
shown four candidate solutions just for exemplification. In genetic algorithms, hundred
or thousands of candidate solutions are used.

A fitness function should be evaluated in order to verify whether or not each
candidate solution meets specifications. Scores or weights are given to the candidate
solutions.

Subsequently, the selection process is developed. In this stage, a random choice
based on the candidate solutions is performed. However, the weights given beforehand
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Figure D.1 – Main events of the genetic algorithm.

Candidate solutions

Selection

Crossover

Mutation

Source: Author.

increase/decrease the chance that a candidate solution will be chosen.
The crossover mix the genotypes (capacitor values) to create new candidate soluti-

ons. Then, the process is repeated by a specific number of main iterations. Furthermore,
the process is also repeated regarding the number of stages. In this case, starting from the
minimum number (1) until a specific maximum allowed number of stages for the desirable
application. By increasing the number of main iterations, candidate solutions and selec-
tion factor, there will be a wider range for finding a suitable solution. On the other hand,
the computational effort is higher. Also, the narrower the specifications, the greater the
need to increase the number of candidate solutions. These characteristics must be taken
into account when setting the basis for the algorithm.

The basis for the algorithm are defined by: iterators are described by z, m, k and
j, nC is the number of capacitors, ni is the number of main iterations, nf is the number
of families for the first generation, Ξ is the selection factor, Gk is the genotype, w1, ..., wnf

represent the weights given by the fitness function, Tm is the set generated by the fitness
function, T2m is a set of capacitor values generated by a random choice based on Tm and
Tcvm is a set of capacitor values generated by a random sample based on T2m.

The genetic algorithm was implemented in the mathematical software Wolfram
Mathematica 10. The high-level of abstraction code is shown in Table D.1.
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Table D.1 – Evolutionary genetic algorithm to design Cockcroft-Walton AC-DC multipli-
ers.

Code
1. Define inputs: Vin, f , Po, Vo, VD, δVomax , CTOTmax , nmax;
2. Calculate output load current: Io = Po

Vo
;

3. Calculate AC-to-DC transfer function: S = Io
Vin

;
4. For z = 1, z ≤ nmax;
5. n = z;
6. Calculate number of capacitors nC = 2n;
7. For m = 1, z ≤ ni;
8. For k = 1, k ≤ nf ;
9. For j = 1, j ≤ nC ;
10. Do tj = [RandomReal1, ..., RandomRealnC ];
11. Do Genotype, Gk = RandomChoice[tj];
12. j + +;
13. k + +;
14. Do Ck,j = Gk[j, 1], k = {1, nf}, j = {1, nC};
15. For k = nf + Length[Tcvm−2 ], k ≤ nf + Length[Tcvm−1 ];

16. Calculate ∆Vok = S
f

(∑n
i=1

(n+1+i)2

Ck,2i−1
+∑n−1

i=1
(n+1−i)(n−i)

Ck,2i

)
Vin;

17. Calculate δVok = S
f

(∑n
i=1

(n+1−i)
Ck,2i

)
Vin;

18. Calculate Vok =
(

2n− 1
Vin

(
∆Vok + 1

2δVok

))
Vin − 2nVD;

19. Calculate CTOTk = ∑nC
ci=1Ck,ci;

20. k + +;
21. Evaluate Fitness function f(δVo, ∆Vo, V o, CTOTmax);
22. Do Tm = [w1G1, ..., wnfGn] f(δVo, ∆Vo, V o, CTOTmax);
23. For j = 1, j ≤ Ξ;
24. Do Selection, T2m = RandomChoice[Tm] ;
25. Ξ + +;
26. Do Crossover, Tcvm = RandomSample[T2m];
27. Do Gnf+1 = Tcvm [i], i = {1, Length[Tcvm ]};
28. Go To Line 14;
29. m++;
30. z++;

Source: Author.
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Appendix E – Discussion about the Practical Implementation of the Dri-
ving Circuits

E.1 DISCUSSION ABOUT THE PRACTICAL IMPLEMENTATION OF THE DRI-
VING CIRCUITS

The use of resonant circuits as topological representation of piezoelectric transfor-
mers and contactless energy transfer system was also explored by Bisogno (2006), Alonso,
Ordiz & Costa (2008), Engleitner (2011) and Nagashima et al. (2015). It is important
to note that, there are some aspects that should be considered when implementing the
driving circuits derived from the resonant topologies.

In inductive wireless power transfer systems, the analysis of the system based
on resonant topologies is performed very similar to the one shown in this work for the
Class-E2 resonant DC-DC converter. For instance, the topology used in Nagashima et al.
(2015) is the same shown in Fig. 4.2(a). However, in order to address the IPT system
features, the transformation ratio is related to the distance between transmitter and
receiver. In addition, the load quality factor in the inverter is high enough to generate a
pure sinusoidal resonant current, which allows the analysis and design by separating the
inverter and rectifier stages.

Even though the analysis of IPT systems is performed by setting several assumpti-
ons to achieve a simplified topology, it is well documented the need of including matching
networks in the practical implementation (ZHAKSYLYK et al., 2020), (MUHARAM et
al., 2020), (MIAO; LIU; GONG, 2017).

The same idea is applied for acoustic CET systems, piezoelectric energy harvesters
and ultrasonic transducers. In other words, the mathematical analysis is usually per-
formed by casting assumptions. However, in some cases, the practical implementation
requires adjustments related to matching networks and circuits to drive the system.

One way to drive ultrasonic transducers based on piezoelectricity and piezoelectric
transformers is to use an inverter, like as Half-bridge, Full-bridge, Class-D and Class-E
topologies. The inverter is connected to the transmitter device and the mechanical parts
of the piezoelectric components are tasked with the waveform shaping. This concept is
depicted in Fig. E.1.

Another way is to build up the resonant tank by means of external electrical
components. This concept requires extra components to be added. However, it is easier to
ensure the correct operation of the driving circuits. For instance, inductors and capacitors
can be used as resonant tank for the inverter in order to ensure that a sinusoidal wave is
generated to supply the transmitter. In the same way, a matching circuit can be used to
enhance the rectifier operation. This concept is shown in Fig. E.2.

The third concept to be discussed is the use of a power amplifier with a wave-
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Figure E.1 – Driving circuits considering the piezoelectric components as resonant tank.
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Source: Author.

Figure E.2 – Driving circuits based on external electrical components.
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Source: Author.

form generator to supply the transmitter and a maximum power point tracking (MPPT)
circuit cascaded with the rectifier. This idea ensures the proper driving circuit for the
transmitter and it is useful for testing because it allows to use different frequencies and
input source amplitudes. However, it requires equipments that are not suitable when con-
sidering a final product assembling. In addition, the MPPT circuit is mandatory when
considering a practical application, such as battery charging. It is necessary that the
AC-DC converter regulates its input voltage to gets the maximum power from the input.
In the later Chapters, this concept is going to be used in the practical implementation
of the power conversion circuitry for the electro-mechanical-acoustic CET system. The
concept is shown in Fig. E.3.
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Figure E.3 – Driving circuits based on function generator, power amplifier and MPPT
circuit.

Function 
generator

Acoustic wave

RectifierPower 
amplifier

MPPT circuit

Solid transfer media

Source: Author.





231

Appendix F – Automatic AC Model Construction Algorithm

F.1 AUTOMATIC AC MODEL CONSTRUCTION ALGORITHM

Table F.1 – Automatic AC Model Construction Algorithm

Code
1. Define inputs: kmax, no, ic;
2. nv = no + 2kmaxno % number of state variables;

3. Define symbolic switching function coefficient: 〈s1〉k = 1
2π

( ∫ 2π
Dc2π e

−jkτdτ

)
;

4. Define symbolic switching function coefficient: 〈s2〉k = 1
2π

( ∫ T1
0 e−jkτdτ +

∫ 2π
T2
e−jkτdτ

)
;

5. For (a = 1, b = 1); a ≤ kmax;
6. Do Equations (5.50)-(5.70) % variables name definitions;
7. k + +;
8. For k = 0, k ≤ kmax;
9. d〈iLc 〉k

dt
= Vin

Lc
−∑ic

i=−ic
〈s1〉i〈vC1 〉k−i

Lc
− jkωs〈iLc〉k;

10. d〈vC1 〉k
dt

= ∑ic
i=−ic

〈s1〉i〈iLc 〉k−i
C1

−∑ic
i=−ic

〈s1〉i〈iLr 〉k−i
C1

− jkωs〈vC1〉k;
11. d〈iLr 〉k

dt
= ∑ic

i=−ic
〈s1〉i〈vC1 〉k−i

Lr
− 〈vCr 〉k

Lr
− α∑ic

i=−ic
〈s2〉i〈vC2 〉k−i

Lr
− jkωs〈iLr〉k;

12. d〈vCr 〉k
dt

= 〈iLr 〉k
Cr
− jkωs〈vCr〉k;

13. d〈vC2 〉k
dt

= α
∑ic
i=−ic

〈s2〉i〈iLr 〉k−i
C2

−∑ic
i=−ic

〈s2〉i〈iLf 〉k−i
C2

− jkωs〈vC2〉k;
14. d〈iLf 〉k

dt
= ∑ic

i=−ic
〈s2〉i〈vC2 〉k−i

Lf
−
〈vCf 〉k
Lf
− jkωs〈iLf 〉k;

15. d〈vCf 〉k
dt

= 〈iLf 〉k
Cf
−
〈vCf 〉k
RLCf

− jkωs〈vCf 〉k;
16. yvector = [y1...ynv];
17. % it is necessary to isolate (collect) yvector in all differential equations;
18. Collect yvector: d〈iLc 〉k

dt
, d〈vC1 〉k

dt
, d〈iLr 〉k

dt
, d〈vCr 〉k

dt
, d〈vC2 〉k

dt
, d〈iLf 〉k

dt
, d〈vCf 〉k

dt
;

19. % next, real and imaginary parts should be separated;
20. Complex expand: d〈iLc 〉k

dt
, d〈vC1 〉k

dt
, d〈iLr 〉k

dt
, d〈vCr 〉k

dt
, d〈vC2 〉k

dt
, d〈iLf 〉k

dt
, d〈vCf 〉k

dt
;

21. k + +;
22. Coefficient arrays: yvector % creates array based on the terms that multiply yvector;
23. AL =Array[yvector]; % dynamic matrix based on terms that multiply yvector;
24. BL =Array[Vin]; % input matrix based on terms that multiply Vin;

Source: Author.
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Appendix G – Large-Signal Model of the Class-E2 Resonant Converter

G.1 LARGE-SIGNAL MODEL OF THE CLASS-E2 RESONANT CONVERTER

This Appendix details the terms of the state-space matrices for the large-signal
model of the Class-E2 resonant converter. Due to the size of the dynamic matrix AL, its
terms are presented in a table format.

The terms are written as ai,j, being i the matrix line and j the matrix column.
Furthermore, the numbers of considered harmonics for each state variable are:

• Choke inductor Lc current, iLc : k = [0,1,2,3,4,5];

• Capacitor C1 voltage, vC1 : k = [0,1,2,3,4,5];

• Resonant inductor Lr current, iLr : k = [0,1];

• Resonant capacitor Cr voltage, vCr : k = [0,1];

• Capacitor C2 voltage, vC2 : k = [0,1,2,3,4,5];

• Output filter inductor Lf current, iLr : k = [0,1];

• Output filter capacitor Cf voltage, vCr : k = [0,1];

The aforementioned number of considered harmonics are used only for the following
table format representation of the matrices terms. In the results shown in Chapter 5, it
was considered k = [0,1,2,3,4,5] for all the state variables.

In this Appendix, some harmonics are not detailed into the terms of the matrices
because they do not have huge impact in the dynamic model. For instance, resonant
current iLr and resonant voltage vCr have predominant behavior related to harmonic
k = 1. Furthermore, output filter variables iLf and vCf are DC variables with relatively
small oscillations. So, by considering k = 0 and k = 1, they can be modeled with good
accuracy.

Input matrix BL is given by:

BL77×1 =
[ 1
Lc
, 0, 0, ...0

]T
. (G.1)

The matrices terms of dynamic matrix AL are shown in Tables G.1-G.9.
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Table G.1 – Matrix AL elements - Pt. I.

Element Term Element Term
a1,12

−1+Dc
Lc

a4,17
sin(Dc2π)
Lc2π

a1,13
sin(Dc2π)

Lcπ
a4,18

−1+cos(Dc2π)
Lc2π

a1,14
−1+cos(Dc2π)

Lcπ
a4,19

sin(Dc4π)
Lc4π

a1,15
sin(Dc4π)

Lcπ
a4,20

−1+cos(Dc4π)
Lc4π

a1,16
−1+cos(Dc4π)

Lc2π a4,21
sin(Dc6π)
Lc6π

a1,17
sin(Dc6π)
Lc3π a4,22

−1+cos(Dc6π)
Lc6π

a1,18
−1+cos(Dc6π)

Lc3π a5,4 −2ωs
a2,3 ωs a5,12

−1+cos(Dc4π)
Lc4π

a2,12
sin(Dc2π)
Lc2π a5,13

−2
Lc3π + cos(Dc2π)

Lc2π + cos(Dc6π)
Lc6π

a2,13
−1+Dc
Lc

+ sin(Dc4π)
Lc4π a5,14

sin(Dc2π)
Lc2π − sin(Dc6π)

Lc6π

a2,14
−1+cos(Dc4π)

Lc4π a5,16
−1+Dc
Lc

a2,15
sin(Dc2π)
Lc2π + sin(Dc6π)

Lc6π a5,17
1−cos(Dc2π)

Lc2π

a2,16
−2
Lc3π + cos(Dc2π)

Lc2π + cos(Dc6π)
Lc6π a5,18

sin(Dc2π)
Lc2π

a2,17
sin(Dc4π)
Lc4π a5,19

1−cos(Dc4π)
Lc4π

a2,18
−1+cos(Dc4π)

Lc4π a5,20
sin(Dc4π)
Lc4π

a2,19
sin(Dc6π)
Lc6π a5,21

1−cos(Dc6π)
Lc6π

a2,20
−1+cos(Dc6π)

Lc6π a5,22
sin(Dc6π)
Lc6π

a3,2 −ωs a6,7 3ωs
a3,12

−1+cos(Dc2π)
Lc2π a6,12

−1+cos(Dc6π)
Lc6π

a3,13
−1+cos(Dc4π)

Lc4π a6,13
−1+cos(Dc4π)

Lc4π

a3,14
−1+Dc
Lc
− sin(Dc4π)

Lc4π a6,14
sin(Dc4π)
Lc4π

a3,15
1

Lc3π −
cos(Dc2π)
Lc2π + cos(Dc6π)

Lc6π a6,15
−1+cos(Dc2π)

Lc2π

a3,16
sin(Dc2π)
Lc2π − sin(Dc6π)

Lc6π a6,16
sin(Dc2π)
Lc2π

a3,17
1−cos(Dc4π)

Lc4π a6,18
−1+Dc
Lc

a3,18
sin(Dc4π)
Lc4π a6,19

1−cos(Dc2π)
Lc2π

a3,19
1−cos(Dc6π)

Lc6π a6,20
sin(Dc2π)
Lc2π

a3,20
sin(Dc6π)
Lc6π a6,21

1−cos(Dc4π)
Lc4π

a4,5 2ωs a6,22
sin(Dc4π)
Lc4π

a4,12
sin(Dc4π)
Lc4π a7,6 −3ωs

a4,13
sin(Dc2π)
Lc2π + sin(Dc6π)

Lc6π a7,12
−1+cos(Dc6π)

Lc6π

a4,14
1

Lc3π −
cos(Dc2π)
Lc2π + cos(Dc6π)

Lc6π a7,13
−1+cos(Dc4π)

Lc4π

a4,15
−1+Dc
Lc

a7,14
sin(Dc4π)
Lc4π
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Table G.2 – Matrix AL elements - Pt. II.

Element Term Element Term
a7,15

−1+cos(Dc2π)
Lc2π a10,19

sin(Dc2π)
Lc2π

a7,16
sin(Dc2π)
Lc2π a10,20

1−cos(Dc2π)
Lc2π

a7,18
−1+Dc
Lc

a10,21
−1+Dc
Lc

a7,19
1−cos(Dc2π)

Lc2π a11,10 −5ωs
a7,20

sin(Dc2π)
Lc2π a11,15

−1+cos(Dc6π)
Lc6π

a7,21
1−cos(Dc4π)

Lc4π a11,16
sin(Dc6π)
Lc6π

a7,22
sin(Dc4π)
Lc4π a11,17

−1+cos(Dc4π)
Lc4π

a8,9 4ωs a11,18
sin(Dc4π)
Lc4π

a8,13
sin(Dc6π)
Lc6π a11,19

−1+cos(Dc2π)
Lc2π

a8,14
1−cos(Dc6π)

Lc6π a11,20
sin(Dc2π)
Lc2π

a8,15
sin(Dc4π)
Lc4π a11,22

−1+Dc
Lc

a8,16
1−cos(Dc4π)

Lc4π a12,1
1−Dc
C1

a8,17
sin(Dc2π)
Lc2π a12,2

−sin(Dc2π)
C1π

a8,18
1−cos(Dc2π)

Lc2π a12,3
1−cos(Dc2π)

C1π

a8,19
−1+Dc
Lc

a12,4
−sin(Dc4π)

C12π

a8,21
sin(Dc2π)
Lc2π a12,5

1−cos(Dc4π)
C12π

a8,22
−1+cos(Dc2π)

Lc2π a12,6
−sin(Dc6π)

C13π

a9,8 −4ωs a12,7
1−cos(Dc6π)

C13π

a9,13
−1+cos(Dc6π)

Lc6π a12,23
−1+Dc
C1

a9,14
sin(Dc6π)
Lc6π a12,24

sin(Dc2π)
C1π

a9,15
−1+cos(Dc4π)

Lc4π a12,25
−1+cos(Dc2π)

C1π

a9,16
sin(Dc4π)
Lc4π a12,26

sin(Dc4π)
C12π

a9,17
−1+cos(Dc2π)

Lc2π a12,27
−1+cos(Dc4π)

C12π

a9,18
sin(Dc2π)
Lc2π a12,28

sin(Dc6π)
C13π

a9,20
−1+Dc
Lc

a12,29
−1+cos(Dc6π)

C13π

a9,21
1−cos(Dc2π)

Lc2π a13,1
−sin(Dc2π)

C12π

a9,22
sin(Dc2π)
Lc2π a13,2

1−Dc
C1
− sin(Dc4π)

C14π

a10,11 5ωs a13,3
1−cos(Dc4π)

C14π

a10,15
sin(Dc6π)
Lc6π a13,4

−sin(Dc2π)
C12π − sin(Dc6π)

C16π

a10,16
1−cos(Dc6π)

Lc6π a13,5
2

C13π −
cos(Dc2π)
C12π − cos(Dc6π)

C16π

a10,17
sin(Dc4π)
Lc4π a13,6

−sin(Dc4π)
C14π

a10,18
1−cos(Dc4π)

Lc4π a13,7
1−cos(Dc4π)

C14π
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Table G.3 – Matrix AL elements - Pt. III.

Element Term Element Term
a13,8

−sin(Dc6π)
C16π a15,2

−sin(Dc2π)
C12π − −sin(Dc6π)

C16π

a13,9
1−cos(Dc6π)

C16π a15,3
−1
C13π + cos(Dc2π)

C12π − cos(Dc6π)
C16π

a13,14 ωs a15,4
1−Dc
C1

a13,23
sin(Dc2π)
C12π a15,6

−sin(Dc2π)
C12π

a13,24
−1+Dc
C1

+ sin(Dc4π)
C14π a15,7

1−cos(Dc2π)
C12π

a13,25
−1+cos(Dc4π)

C14π a15,8
−sin(Dc4π)

C14π

a13,26
sin(Dc2π)
C12π + sin(Dc6π)

C16π a15,9
1−cos(Dc4π)

C14π

a13,27
−2
C13π + cos(Dc2π)

C12π + cos(Dc6π)
C16π a15,10

−sin(Dc6π)
C16π

a13,28
sin(Dc4π)
C14π a15,11

1−cos(Dc6π)
C16π

a13,29
−1+cos(Dc4π)

C14π a15,16 2ωs
a13,30

sin(Dc6π)
C16π a15,23

sin(Dc4π)
C14π

a13,31
−1+cos(Dc6π)

C16π a15,24
sin(Dc2π)
C12π + sin(Dc6π)

C16π

a14,1
1−cos(Dc2π)

C12π a15,25
1

C13π −
cos(Dc2π)
C12π + Dc6π

C16π

a14,2
1−cos(Dc4π)

C14π a15,26
−1+Dc
C1

a14,3
1−Dc
C1

+ sin(Dc4π)
C14π a15,28

sin(Dc2π)
C12π

a14,4
−1
C13π + cos(Dc2π)

C12π − cos(Dc6π)
C16π a15,29

−1+cos(Dc2π)
C12π

a14,5
−sin(Dc2π)

C12π + sin(Dc6π)
C16π a15,30

sin(Dc4π)
C14π

a14,6
−1+cos(Dc4π)

C14π a15,31
−1+cos(Dc4π)

C14π

a14,7
−sin(Dc4π)

C14π a15,32
sin(Dc6π)
C16π

a14,8
−1+cos(Dc6π)

C16π a15,33
−1+cos(Dc6π)

C16π

a14,9
−sin(Dc6π)

C16π a16,1
1−cos(Dc4π)

C14π

a14,13 −ωs a16,2
2

C13π −
cos(Dc2π)
C12π − cos(Dc6π)

C16π

a14,23
−1+cos(Dc2π)

C12π a16,3 − sin(Dc2π)
C12π + sin(Dc6π)

C16π

a14,24
−1+cos(Dc4π)

C14π a16,5
1−Dc
C1

a14,25
−1+Dc
C1
− sin(Dc4π)

C14π a16,6
−1+cos(Dc2π)

C12π

a14,26
1

C13π −
cos(Dc2π)
C12π + cos(Dc6π)

C16π a12,29
−1+cos(Dc6π)

C13π

a14,27
sin(Dc2π)
C12π − sin(Dc6π)

C16π a16,7
−sin(Dc2π)

C12π

a14,28
1−cos(Dc4π)

C14π a16,8
−1+cos(Dc4π)

C14π

a14,29
sin(Dc4π)
C14π a16,9

−sin(Dc4π)
C14π

a14,30
1−cos(Dc6π)

C16π a16,10
−1+cos(Dc6π)

C16π

a14,31
sin(Dc6π)
C16π a16,11

−sin(Dc6π)
C16π

a15,1
−sin(Dc4π)

C14π a16,15 −2ωs
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Table G.4 – Matrix AL elements - Pt. IV.

Element Term Element Term
a16,23

−1+cos(Dc4π)
C14π a18,2

1−cos(Dc4π)
C14π

a16,24
−2
C13π + cos(Dc2π)

C12π + cos(Dc6π)
C16π a18,3

−sin(Dc4π)
C14π

a16,25
sin(Dc2π)
C12π − sin(Dc6π)

C16π a18,4
1−cos(Dc2π)

C12π

a16,27
−1+Dc
C1

a18,5
−sin(Dc2π)

C12π

a16,28
1−cos(Dc2π)

C12π a18,7
1−Dc
C1

a16,29
sin(Dc2π)
C12π a18,8

−1+cos(Dc2π)
C12π

a16,30
1−cos(Dc4π)

C14π a18,9
−sin(Dc2π)

C12π

a16,31
sin(Dc4π)
C14π a18,10

−1+cos(Dc4π)
C14π

a16,32
1−cos(Dc6π)

C16π a18,11
−sin(Dc4π)

C14π

a16,33
sin(Dc6π)
C16π a18,17 −3ωs

a17,1
−sin(Dc6π)

C16π a18,23
−1+cos(Dc6π)

C16π

a17,2
−sin(Dc4π)

C14π a18,24
−1+cos(Dc4π)

C14π

a17,3
−1+cos(Dc4π)

C14π a18,25
sin(Dc4π)
C14π

a17,4
−sin(Dc2π)

C12π a18,26
−1+cos(Dc2π)

C12π

a17,5
−1+cos(Dc2π)

C12π a18,27
sin(Dc2π)
C12π

a17,6
1−Dc
C1

a18,29
−1+Dc
C1

a17,8
−sin(Dc2π)

C12π a18,30
1−cos(Dc2π)

C12π

a17,9
1−cos(Dc2π)

C12π a18,31
sin(Dc2π)
C12π

a17,10
−sin(Dc4π)

C14π a18,32
1−cos(Dc4π)

C14π

a17,11
1−cos(Dc4π)

C14π a18,33
sin(Dc4π)
C14π

a17,18 3ωs a19,2
−sin(Dc6π)

C16π

a17,23
sin(Dc6π)
C16π a19,3

−1+cos(Dc6π)
C16π

a17,24
sin(Dc4π)
C14π a19,4

−sin(Dc4π)
C14π

a17,25
1−cos(Dc4π)

C14π a19,5
−1+cos(Dc4π)

C14π

a17,26
sin(Dc2π)
C12π a19,6

−sin(Dc2π)
C12π

a17,27
1−cos(Dc2π)

C12π a19,7
−1+cos(Dc2π)

C12π

a17,28
−1+Dc
C1
− sin(Dc6π)

C16π a19,8
1−Dc
C1

a17,30
sin(Dc2π)
C12π a19,10

−sin(Dc2π)
C12π

a17,31
−1+cos(Dc2π)

C12π a19,11
1−cos(Dc2π)

C12π

a17,32
sin(Dc4π)
C14π a19,20 4ωs

a17,33
−1+cos(Dc4π)

C14π a19,24
sin(Dc6π)
C16π

a18,1
1−cos(Dc6π)

C16π a19,25
1−cos(Dc6π)

C16π
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Table G.5 – Matrix AL elements - Pt. V.

Element Term Element Term
a19,26

sin(Dc4π)
C14π a21,10

1−Dc
C1

a19,27
1−cos(Dc4π)

C14π a21,22 5ωs
a19,28

sin(Dc2π)
C12π a21,26

sin(Dc6π)
C16π

a19,29
1−cos(Dc2π)

C12π a21,27
1−cos(Dc6π)

C16π

a19,30
−1+Dc
C1

a21,28
sin(Dc4π)
C14π

a19,32
sin(Dc2π)
C12π a21,29

1−cos(Dc4π)
C14π

a19,33
−1+cos(Dc2π)

C12π a21,30
sin(Dc2π)
C12π

a20,2
1−cos(Dc6π)

C16π a21,31
1−cos(Dc2π)

C12π

a20,3
−sin(Dc6π)

C16π a21,32
−1+Dc
C1

a20,4
1−cos(Dc4π)

C14π a22,4
1−cos(Dc6π)

C16π

a20,5
−sin(Dc4π)

C14π a22,5
−sin(Dc6π)

C16π

a20,6
1−cos(Dc2π)

C12π a22,6
1−cos(Dc4π)

C14π

a20,7
−sin(Dc2π)

C12π a22,7
−sin(Dc4π)

C14π

a20,9
1−Dc
C1

a22,8
1−cos(Dc2π)

C12π

a20,10
−1+cos(Dc2π)

C12π a22,9
−sin(Dc2π)

C12π

a20,11
−sin(Dc2π)

C12π a22,11
1−Dc
C1

a20,19 −4ωs a22,21 −5ωs
a20,24

−1+cos(Dc6π)
C16π a22,26

−1+cos(Dc6π)
C16π

a20,25
sin(Dc6π)
C16π a22,27

sin(Dc6π)
C16π

a20,26
−1+cos(Dc4π)

C14π a22,28
−1+cos(Dc4π)

C14π

a20,27
sin(Dc4π)
C14π a22,29

sin(Dc4π)
C14π

a20,28
−1+cos(Dc2π)

C12π a22,30
−1+cos(Dc2π)

C12π

a20,29
sin(Dc2π)
C12π a22,31

sin(Dc2π)
C12π

a20,31
−1+Dc
C1

a22,33
−1+Dc
C1π

a20,32
1−cos(Dc2π)

C12π a23,12
1−Dc
Lr

a20,33
sin(Dc2π)
C12π a23,13

−sin(Dc2π)
Lrπ

a21,4
−sin(Dc6π)

C16π a23,14
1−cos(Dc2π)

Lrπ

a21,5
−1+cos(Dc6π)

C16π a23,34
−1
Lr

a21,6
−sin(Dc4π)

C14π a23,45
−α
Lr
− −αT1

Lr2π + αT2
Lr2π

a21,7
−1+cos(Dc4π)

C14π a23,46
−αsin(T1)

Lrπ
+ αsin(T2)

Lrπ

a21,8
−sin(Dc2π)

C12π a23,47
−αcos(T1)

Lrπ
+ αcos(T2)

Lrπ

a21,9
−1+cos(Dc2π)

C12π a24,12
−sin(Dc2π)

Lr2π
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Table G.6 – Matrix AL elements - Pt. VI.

Element Term Element Term
a24,13

1−Dc
Lr
− sin(Dc4π)

Lr4π a46,25
α(cos(2T1)−cos(2T2))

C24π

a24,14
1−cos(Dc4π)

Lr4π a46,26
α(sin(T1)−sin(T2))

C22π + α(sin(3T1)−sin(3T2))
C26π

a24,35
−1
Lr

a46,27
α(cos(T1)−cos(T2))

C22π + α(cos(3T1)−cos(3T2))
C26π

a24,45
−αsin(T1)
Lr2π + αsin(T2)

Lr2π a46,28
α(sin(2T1)−sin(2T2))

C24π

a24,46
−α
Lr

+ α(T2−T1)
Lr2π + α(sin(2T2)−sin(2T1))

Lr4π a46,29
α(cos(2T1)−cos(2T2))

C24π

a24,47
α(cos(2T2)−cos(2T1))

Lr4π a46,30
α(sin(3T1)−sin(3T2))

C26π

a25,12
1−cos(Dc2π)

Lr2π a46,31
α(cos(3T1)−cos(3T2))

C26π

a25,13
1−cos(Dc4π)

Lr4π a46,47 ωs

a25,14
1−Dc
Lr

+ sin(Dc4π)
Lr4π a46,56

sin(T2)−sin(T1)
C22π

a25,36
−1
Lr

a46,57 − 1
C2

+ T2−T1
C22π + sin(2T2)−sin(2T1)

C24π

a25,45
−αcos(T1)
Lr2π + αcos(T2)

Lr2π a46,58
cos(2T2)−cos(2T1)

C24π

a25,46
−αcos(2T1)

Lr4π + αcos(2T2)
Lr4π a46,59

sin(T2)−sin(T1)
C22π + sin(3T2)−sin(3T1)

C26π

a25,47
−α
Lr

+ α(T2−T1)
Lr2π + α(sin(2T1)−sin(2T2))

Lr4π a46,60
cos(T2)−cos(T1)

C22π + cos(3T2)−cos(3T1)
C26π

a34,23
1
Cr

a46,61
sin(2T2)−sin(2T1)

C24π

a34,24
1
Cr

a46,62
cos(2T2)−cos(2T1)

C24π

a34,25
1
Cr

a46,63
sin(3T2)−sin(3T1)

C26π

a45,23
α
C2

+ α(T1−T2)
C22π a46,64

cos(3T2)−cos(3T1)
C26π

a45,24
α(sin(T1)−sin(T2))

C2π
a47,23

α(cos(T1)−cos(T2))
C22π

a45,25
α(cos(T1)−cos(T2))

C2π
a47,24

α(cos(2T1)−cos(2T2))
C24π

a45,26
α(sin(2T1)−sin(2T2))

C22π a47,25
α
C2

+ α(T1−T2)
C22π

α(sin(2T2)−sin(2T1))
C24π

a45,27
α(cos(2T1)−sin(2T2))

C22π a47,26
α(cos(T2)−cos(T1))

C22π + α(cos(3T1)−cos(3T2))
C26π

a45,28
α(sin(3T1)−sin(3T2))

C23π a47,27
α(sin(T1)−sin(T2))

C22π + α(sin(3T2)−sin(3T1))
C26π

a45,29
α(cos(3T1)−cos(3T2))

3C2π
a47,28

α(cos(2T2)−cos(2T1))
C24π

a45,56
−1
C2

+ T2−T1
C22π a47,29

α(sin(2T1)−sin(2T2))
C24π

a45,57
−sin(T1)+sin(T2)

C2π
a47,30

α(cos(3T2)−cos(3T1))
C26π

a45,58
−cos(T1)+cos(T2)

C2π
a47,31

α(sin(3T1)−sin(3T2))
C26π

a45,59
−sin(2T1)+sin(2T2)

C22π a47,46 −ωs
a45,60

−cos(2T1)+cos(2T2)
C22π a47,56

(cos(T2)−cos(T1))
C22π

a45,61
−sin(3T1)+sin(3T2)

C23π a47,57
(cos(2T2)−cos(2T1))

C24π

a45,62
−cos(3T1)+cos(3T2)

C23π a47,58
−1
C2

+ T2−T1
C22π

(sin(2T1)−sin(2T2))
C24π

a46,23
α(sin(T1)−sin(T2))

C22π a47,59
(cos(T1)−cos(T2))

C22π + (cos(3T2)−cos(3T1))
C26π

a46,24
α
Cr

+ α(T1−T2)
Cr2π + α(sin(2T1)−sin(2T2))

C24π a47,60
(sin(T2)−sin(T1))

C22π + (sin(3T1)−sin(3T2))
C26π
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Table G.7 – Matrix AL elements - Pt. VII.

Element Term Element Term
a47,61

(cos(2T1)−cos(2T2))
C24π a49,29

α(sin(T1)−sin(T2))
C22π

a47,62
(sin(2T2)−sin(2T1))

C24π a49,30
α(cos(2T2)−cos(2T1))

C24π

a47,63
(cos(3T1)−cos(3T2))

C26π a49,31
α(sin(2T1)−sin(2T2))

C24π

a47,64
(sin(3T2)−sin(3T1))

C26π a49,32
α(cos(3T2)−cos(3T1))

C26π

a48,23
α(sin(2T1)−sin(2T2))

C24π a49,33
α(sin(3T1)−sin(3T2))

C26π

a48,24
α(sin(2T1)−sin(2T2))

C22π + α(sin(3T1)−sin(3T2))
C26π a49,48 −2ωs

a48,25
α(cos(2T2)−cos(2T1))

C22π + α(cos(3T1)−cos(3T2))
C26π a49,56

cos(2T2)−cos(2T1)
C24π

a48,26
α
C2

+ α(T1−T2)
C22π a49,57

cos(T2)−cos(T1)
C22π + cos(3T2)−cos(3T1)

C26π

a48,28
α(sin(2T1)−sin(2T2))

C22π a49,58
sin(T2)−sin(T1)

C22π + sin(3T1)−sin(3T2)
C26π

a48,29
α(cos(T1)−cos(T2))

C22π a49,60
−1
C2

+ T2−T1
C22π

a48,30
α(sin(2T1)−sin(2T2))

C24π a49,61
cos(T1)−cos(T2)

C22π

a48,31
α(cos(2T1)−cos(2T2))

C24π a49,62
sin(T2)−sin(T1)

C22π

a48,32
α(sin(3T1)−sin(3T2))

C26π a49,63
cos(2T1)−cos(2T2)

C24π

a48,33
α(cos(3T1)−cos(3T2))

C26π a49,64
sin(2T2)−sin(2T1)

C24π

a48,49 2ωs a49,65
cos(3T1)−cos(3T2)

C26π

a48,56
(sin(2T2)−sin(2T1))

C24π a49,66
sin(3T2)−sin(3T1)

C26π

a48,57
(sin(2T2)−sin(2T1))

C22π + (sin(3T2)−sin(3T1))
C26π a50,23

α(sin(3T1)−sin(3T2))
C26π

a48,58
(cos(T1)−cos(T2))

C22π + (cos(3T2)−cos(3T1))
C26π a50,24

α(sin(2T1)−sin(2T2))
C24π

a48,59
−1
C2

+ T2−T1
C22π a50,25

α(cos(2T2)−cos(2T1))
C24π

a48,60
α(sin(2T1)−sin(2T2))

C22π a50,26
α(sin(T1)−sin(T2))

C22π

a48,61
(sin(T2)−sin(T1))

C22π a50,27
α(cos(T2)−cos(T1))

C22π

a48,62
(cos(T2)−cos(T1))

C22π a50,28
α
C2

+ α(T1−T2)
C22π

a48,63
(sin(2T2)−sin(2T1))

C24π a50,30
α(sin(T1)−sin(T2))

C22π

a48,64
(cos(2T2)−cos(2T1))

C24π a50,31
α(cos(T1)−cos(T2))

C22π

a48,65
(sin(3T2)−sin(3T1))

C26π a50,32
α(sin(2T1)−sin(2T2))

C24π

a48,66
(cos(3T2)−cos(3T1))

C26π a50,33
α(cos(2T1)−cos(2T2))

C24π

a49,23
α(cos(2T1)−cos(2T2))

C24π a50,51 3ωs
a49,24

α(cos(T1)−cos(T2))
C22π + α(cos(3T1)−cos(3T2))

C26π a50,56
(sin(3T2)−sin(3T1))

C26π

a49,25
α(sin(T1)−sin(T2))

C22π + α(sin(3T2)−sin(3T1))
C26π a50,57

(sin(2T2)−sin(2T1))
C24π

a49,26
−cos(3T1)+cos(3T2)

C23π a50,58
(cos(2T1)−cos(2T2))

C24π

a49,27
α
C2

+ α(T1−T2)
C22π a50,59

(sin(T2)−sin(T1))
C22π

a49,28
α(cos(T2)−cos(T1))

C22π a50,60
(cos(T1)−cos(T2))

C22π
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Table G.8 – Matrix AL elements - Pt. VIII.

Element Term Element Term
a50,61

−1
C2

+ T2−T1
C22π a52,29

α(cos(T2)−cos(T1))
C22π

a50,63
(sin(T2)−sin(T1))

C22π a52,30
α
C2

+ α(T1−T2)
C22π

a50,64
(cos(T2)−cos(T1))

C22π a52,32
α(sin(T1)−sin(T2))

C22π

a50,65
(sin(2T2)−sin(2T1))

C24π a52,33
α(cos(T1)−cos(T2))

C22π

a50,66
(cos(2T2)−cos(2T1))

C24π a52,53 4ωs
a51,23

α(cos(3T1)−cos(3T2))
C26π a52,57

sin(3T2)−sin(3T1)
C26π

a51,24
α(cos(2T1)−cos(2T2))

C24π a52,58
cos(3T1)−cos(3T2)

C26π

a51,25
α(sin(2T1)−sin(2T2))

C24π a52,59
sin(2T2)−sin(2T1)

C24π

a51,26
α(cos(T1)−cos(T2))

C22π a52,60
cos(2T1)−cos(2T2)

C24π

a51,27
α(sin(T1)−sin(T2))

C22π a52,61
sin(T2)−sin(T1)

C22π

a51,29
α
C2

+ α(T1−T2)
C22π a52,62

cos(T1)−cos(T2)
C22π

a51,30
α(cos(T2)−cos(T1))

C22π a52,63
−1
C2

+ T2−T1
C22π

a51,31
α(sin(T1)−sin(T2))

C22π a52,65
sin(T2)−sin(T1)

C22π

a51,32
α(cos(2T2)−cos(2T1))

C24π a52,66
cos(T2)−cos(T1)

C22π

a51,33
α(sin(2T1)−sin(2T2))

C24π a53,24
α(cos(3T1)−cos(3T2))

C26π

a51,50 −3ωs a53,25
α(sin(3T1)−sin(3T2))

C26π

a51,56
(cos(3T2)−cos(3T1))

C26π a53,26
α(cos(2T1)−cos(2T2))

C24π

a51,57
(cos(2T2)−cos(2T1))

C24π a53,27
α(sin(2T1)−sin(2T2))

C24π

a51,58
(sin(2T2)−sin(2T1))

C24π a53,28
α(cos(T1)−cos(T2))

C22π

a51,59
α(cos(T2)−cos(T1))

C22π a53,29
α(sin(T1)−sin(T2))

C22π

a51,60
(sin(T2)−sin(T1))

C22π a53,31
α
C2

+ α(T1−T2)
C22π

a51,61
(cos(T2)−cos(T1))

C22π a53,32
α(cos(T2)−cos(T1))

C22π

a51,62
−1
C2

+ T2−T1
C22π a53,33

α(sin(T1)−sin(T2))
C22π

a51,63
(cos(T1)−cos(T2))

C22π a53,52 −4ωs
a51,64

(sin(T2)−sin(T1))
C22π a53,57

(cos(3T2)−cos(3T1))
C26π

a51,65
(cos(2T1)−cos(2T2))

C24π a53,58
(sin(3T2)−sin(3T1))

C26π

a51,66
(sin(2T2)−sin(2T1))

C24π a53,59
(cos(2T2)−cos(2T1))

C24π

a52,24
α(sin(3T1)−sin(3T2))

C26π a53,60
(sin(2T2)−sin(2T1))

C24π

a52,25
α(cos(3T2)−cos(3T1))

C26π a53,61
(cos(T2)−cos(T1))

C22π

a52,26
α(sin(2T1)−sin(2T2))

C24π a53,62
(sin(T2)−sin(T1))

C22π

a52,27
α(cos(2T2)−cos(2T1))

C24π a53,64
−1
C2

+ T2−T1
C22π

a52,28
α(sin(T1)−sin(T2))

C22π a53,65
(cos(T1)−cos(T2))

C22π
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Table G.9 – Matrix AL elements - Pt. IX.

Element Term Element Term
a53,66

(sin(T2)−sin(T1))
C22π a56,46

sin(T1)−sin(T2)
Lfπ

a54,26
α(sin(3T1)−sin(3T2))

C26π a56,47
cos(T1)−cos(T2)

Lfπ

a54,27
α(cos(3T2)−cos(3T1))

C26π a56,67
−1
Lf

a54,28
α(sin(2T1)−sin(2T2))

C24π a57,45
sin(T1)−sin(T2)

Lf2π

a54,29
α(cos(2T2)−cos(2T1))

C24π a57,46
1
Lf

+ T1−T2
Lf2π + sin(2T1)−sin(2T2)

Lf4π

a54,30
α(sin(T1)−sin(3T2))

C22π a57,58 ωs

a54,31
α(cos(T2)−cos(T1))

C22π a57,68
−1
Lf

a54,32
α
C2

+ α(T1−T2)
C22π a58,45

cos(T1)−cos(T2)
Lf2π

a54,55 5ωs a58,46
cos(2T1)−cos(2T2)

Lf4π

a54,59
sin(3T2)−sin(3T1)

C26π a58,47
1
Lf

+ T1−T2
Lf2π + sin(2T2)−sin(2T1)

Lf4π

a54,60
cos(3T1)−cos(3T2)

C26π a58,57 −ωs
a54,61

sin(2T2)−sin(2T1)
C24π a58,69

−1
Lf

a54,62
cos(2T1)−cos(2T2)

C24π a67,56
1
Cf

a54,63
sin(T2)−sin(T1)

C22π a67,67
−1

RLCf

a54,64
cos(T1)−cos(T2)

C22π a68,57
1
Cf

a54,65
−1
C2

+ T2−T1
C22π a68,68

−1
RLCf

a55,26
α(cos(3T1)−cos(3T2))

C26π a68,69 ωs

a55,27
α(sin(3T1)−sin(3T2))

C26π a69,58
1
Cf

a55,28
α(cos(2T1)−cos(2T2))

C24π a69,68 −ωs
a55,29

α(sin(2T1)−sin(2T2))
C24π a69,69

−1
RLCf

a55,30
α(cos(T1)−cos(T2))

C22π

a55,31
α(sin(T1)−sin(T2))

C22π

a55,33
α
C2

+ α(T1−T2)
C22π

a55,54 −5ωs
a55,59

(cos(3T2)−cos(3T1))
C26π

a55,60
(sin(3T2)−sin(3T1))

C26π

a55,61
(cos(2T2)−cos(2T1))

C24π

a55,62
(sin(2T2)−sin(2T1))

C24π

a55,63
(cos(T2)−cos(T1))

C22π

a55,64
(sin(T2)−sin(T1))

C22π

a55,66
−1
C2

+ T2−T1
C22π

a56,45
1
Lf

+ T1−T2
Lf2π
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H.1 SMALL-SIGNAL MODEL OF THE CLASS-E2 RESONANT CONVERTER

This Appendix details the terms of the input matrix for the small-signal model of
the Class-E2 resonant converter. Due to the size of the input matrix BS, its terms are
presented in a table format.

The terms are written as bi,j, being i the matrix line and j the matrix column.
The matrices terms of the input matrix BS are shown in Table H.1.

Most of the terms shown in Table H.1 have Yi, which is the equilibrium solution
of the large-signal model. The subscript i indicates the line that was used to solve the
dynamic matrix from the large-signal model.
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Table H.1 – Matrix BS elements.

Element Term Element Term Element Term
b2,1 Y3 b37,1 2Y38 b72,1 3Y73

b3,1 −Y2 b38,1 −2Y37 b73,1 −3Y72

b4,1 2Y5 b39,1 3Y40 b74,1 4Y75

b5,1 −2Y4 b40,1 −3Y39 b75,1 −4Y74

b6,1 3Y7 b41,1 4Y42 b76,1 5Y77

b7,1 −3Y6 b42,1 −4Y41 b77,1 −5Y76

b8,1 4Y9 b43,1 5Y44 b1,2
1
Lc

b9,1 −4Y8 b44,1 −5Y43 b2,2
1
Lc

b10,1 5Y11 b46,1 Y47 b4,2
1
Lc

b11,1 −5Y10 b47,1 −Y46 b6,2
1
Lc

b13,1 Y14 b48,1 2Y49 b8,2
1
Lc

b14,1 −Y13 b49,1 −2Y48 b10,2
1
Lc

b15,1 2Y16 b50,1 3Y51

b16,1 −2Y15 b51,1 −3Y50

b17,1 3Y18 b52,1 4Y53

b18,1 −3Y17 b53,1 −4Y52

b19,1 4Y20 b54,1 5Y55

b20,1 −4Y19 b55,1 −5Y54

b21,1 5Y22 b57,1 Y58

b22,1 −5Y21 b58,1 −Y57

b24,1 Y25 b59,1 2Y60

b25,1 −Y24 b60,1 −2Y59

b26,1 2Y27 b61,1 3Y62

b27,1 −2Y26 b62,1 −3Y61

b28,1 3Y29 b63,1 4Y64

b29,1 −3Y28 b64,1 −4Y63

b30,1 4Y31 b65,1 5Y66

b31,1 −4Y30 b66,1 −5Y65

b32,1 5Y33 b68,1 Y69

b33,1 −5Y32 b69,1 −Y68

b35,1 Y36 b70,1 2Y71

b36,1 −Y35 b71,1 −2Y70
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